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PEEFACE. 



In the preface to Gordan's Lectures on the Invariant Theory,* Dr. Ker- 
schensteiner speaks of three books as containing the substance of the modem 
Invariant Theory — the books of Salmon, Clebsch, and Faa de Bruno. Adding 
to these Gordan's Lectures and Burnside and Panton's Theory of Equations, 
we include the principal works which give a general presentation of the In- 
variant Theory of the present time. In these five books, the prominence given 
to the expression of Covariants and Invariants in terms of the roots is various. 
Fai de Bruno's treatment of the root expressions is the most extensive ; he 
gives tables of the Invariants (not Covariants) of the lower binary quantics 
through the Sextic (omitting B and D of the Sextic), expressed as functions 
of root diflferences. There is no suggestion of any system for calculating the 
root expressions of these tables, aside from the use of coefficients expressed as 
symmetric functions of the roots. 

Burnside and Panton approach the subject of Covariants and Invariants 
through the expressions of symmetric functions of root diflferences, and make 
use of symmetric functions of the roots to establish connections between the 
root and coefficient forms. 

Scattered through Salmon's book on Modern Higher Algebra are many of 
the simpler Covariant and Invariant root expressions. The methods presented 
by Salmon for the calculation of root forms are based upon symmetric func- 
tions of the roots, symmetric functions of root differences, and upon the use 
of any convenient geometric relation obtained through the coefficient forms, 
and also upon the use of transformed equations. There is in this book, no 
recognition of symbolic root forms nor of the possibility of the application of 
Cayley's symbolic operators to the calculation of root expressions for Covariants 
and Invariants. 

Both Clebsch and Gordan touch upon a theory of symbolic root forms, 
the theory to be presented in this paper. Clebsch appears not to have recog- 
nized, or if he recognized has not made clear, the directness and simplicity of 
the connection which exists between root and coefficient symbolic expressions 
for Covariants and Invariants. Gordan fully recognizes the relation between 
the two forms of symbolic expression ; and the work which follows in this 
paper, though developed independently of Gordan's work in this line, is in 
reality an application of the underlying principle of the Gordan symbolism. 
* Gordan's Vorlesungen iiber InTariantentheorie — Kerschensteiner, Leipzig, 1885. 
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As far as I have been able to ascertain there has been in English writings 
no recognition of symbolic methods appIieJ to the expression of Covariants 
and Invariants in terms of the roots, excepting (possibly) the following sentence 
by Sylvester :* " Gordan's and Jordan's results concerning symbolic determi- 
nants are correlative and coextensive with theorems concerning root differences, 
so that the method of diflferentiants when fully developed would lead to the 
substitution of actual differences or determinants for symbolic determinants in 
the Gordan theory." 

A realization of the substantial identity of the form of a Covariant root 
symbol with the form of its expression in the root differences, and of the 
directness of the interpretation of one form from the other, brings into clearer 
light the practical value of German Symbolism in Modern Algebra. 

The following pages present the results of a study of root forms and of an 
attempt to systematize the calculation and comparison of Covariants and In- 
variants in terms of the roots. The subject is presented according to the 
following arrangement : 

Part I. — General Theory. 

1. Theory of Covariants and Invariants of binary quantics in terms 

of the roots. 

2. Comparison of Root and Coefficient Symbols. 

3. Tables of Covariants and Invariants of the lower quantics including 

the sextic, and of pairs of the first five quantics (including linear 
quantics). 

4. Particular classes of Forms and Operators. 

Part II. — Some Geometrical interpretations and applications. 

1. Geometry of Binary Forms. 

2. Particular Covariants and Invariants with geometrical interpre- 

tations. 

3. Binary root forms in their relations to certain ternary forms. 

* American Journal of Mathematics, Vol. 11 (1879), p. 329. 



PAET I.— GENEEAL THEORY. 

Chapteb I. 

Theory of Cotaeiants and Invabiants in Teems of the Eoots. 

1. Covariant and invaj'iant defined. A co variant of a binary quantic 
may be defined as a function of both the roots and variables which is altered 
only by a constant factor when the quantic is linearly transformed. It will be 
shown in the next article that this property is possessed by a function that is 
the product of three factors : (1) of a symmetric function of the differences of 
the roots and differences between the variable x/y and any roots into which 
each root enters the same number of times ; (2) of the coeiBcient of the highest 
power of X in the quantic raised to a power equal to the number of times any 
one root appears in (1) ; (3) of y"*, m being the number of times x/y appears 
in (1).* 

An invariant of a binary quantic is a function of the roots, but not of the 
variables, which is altered only by a constant factor when the quantic is linearly 
transformed. An invariant function is the product of two factors, one of which 
is a symmetric function of the differences of the roots, in which each root ap- 
pears the same number of times, and the other the coefiicient of the highest 
power of a; in the quantic, raised to a power equal to the number of times any 
one root appears in the symmetric function. An invariant is a particular case 
of a covariant in which m = . 

2. Form of the general covariant. Let the binary quantic 

(«!« + a^) (A« + M (n« + W) ■■• (1) 

be represented by 

a^r---, (2) 

in which 

« = «!« + «2y . 1 

/3:-^.« + ^,y, !> (3) 

J 

Equating quantic (1) to zero, it may be written 



y «i 






[*' + ?l2j... = 0. (4) 



the roots of this equation in x/y being 

_ «2 _ ^ —h 

A ' r. '■ 



(5) 



* Salmon's Modern Higher Algebra, pp. 124-5. Burnside and Fanton's Theory of Eqaations, 
Third Edition, pp. 367, 374. 
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Again let ^ be a function composed of the three factors described in Art. 1, 
such that 



fA «2l 


«1. 


^72 i5,l 


«,. 


\__fh' 


«n-l,n 


X , Oj] 


«i 


[A «ij 




[h Aj 




L^i /'ij 




[y «ij 





y 2" ti'! ^ 



1 + ^: (6) 



wherein the e's are subject to the conditions 



«i + ei2 + eis + • • 


• + «ln = ">, 


^2 + ^2, + ^23 + . . 


• + «2n = '". 


e„ + e„i + e„2 + . 


• +«n»= W, 


«1 + «2 + «s + • 


. + e„ =m, 



(7) 



the symbol «„ or ^«r denoting the exponent of the factor in which both the rth 
and sth of the letters a, ^,y . . . occur, and e^ being the exponent of the linear 
factor that involves the rth letter. 

Equation (6) may also be put in the form 

6 = 2'(«,A-«2i8i)'"(Ar2-Ari)'" • • • (jh^2-/h^x)'^'H<^i«>+<^y^ ■ ■ ■ (v.^+v^y)'", (8) 
which will be briefly written 

6^1 (a/S)'" (^r)'" • • • {ptvfti-i.n a«. . . . v«„ , (9) 

(a^) = (a,^j — a^,) , . . . , a = a^x -\- a^ , . . . , (10) 



wherein 



and in which it will be noticed the letters «, /9, ^, . . . each enter the same 
number of times. 

To show that S conforms to the definition in Art. 1, let x and y be trans- 
formed by the general linear substitution* 

y = hf~(ix, x=—X'y + //x, (11) 

then the root quantities «], o^, fi^, ^^ ■ ■ ■ are transformed by the substitutions 



«i = ■^«l + t^Oi, «2 = ^'<h + /«'«2, 



A = -^A + /'A , A = ^% + f^% , \ 



> 



(12) 



J 



' The arrangement in (11) is adopted to secure symmetry in (12). 
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which are obtained from (11) by changing x into — Oj, — ^i, ■ • ■ and y into 
a„ /9i, . . . in accordance with (5), 



«1« + «22/ = (-^Z — -*» («1« + «2y) , 



(13) 



and (8) transforms into 

(9 ^(V — /»*(»"+"" 

X 2'(«.^2 - ^i)'" (An - AtiY" ■ ■ ■ («.« + «^^ (A^ + Ay)'- • • • (14) 

which may also be written in the original form, as in (6),* 

e = {Xf/ — yC/i)**""*™) (a,^,7i . . • vi)" jr 



X2' 



.A «ij iri A J 






(15) 



^ = (i/ — yi'//)**""-!^) e . 



Hence 6 and differ only by a constant factor which is a power of the modu- 
lus of transformation, and ^ is a covariant. 

Of the two forms for 6 given in (6) and (8) the latter (or rather its abbre- 
viation in (9) ) will be chiefly used. E. g. the II and J covariants of a cubic 

are 

2'(«^)V, I(apnar)^f. 

3. Form of the general invariant. The function is an invariant when 



<^^(«An...)"i-[|-J; 



h — ^h 



fv. 



-i^: 



fhl 'n-l.n 



ftj 



(1) 



♦ The part played by the factors (a, /S, ^i . . .)" p" in the original form is now evident, as with- 
out them 9 would not differ from merely by a power of the modulus. These factors become a„" 
in covariants for the quantic form a, (x— a)(x — /9) (* — T) • • • 
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and 

«12 + «1S + «14 + • • • + «1» = « , 1 

> (2) 

«ln + «2n + «3n + • • • + «n-l,n = W • J 

As stated in Art. 1, <? is a covariant in which m equals zero. Equation 
(1) will be written in the symbolic form 

<p = i{a^y^' iPrY" • • ■ (H'"-'-" (3) 

where («/9) = (aj^Sj — a^^ , 

Examples of invariants in the form (3) are (a^Y {aff {^yf which is D of 
the cubic, and I {a^f {ydf {af) (^d) which is Tot the quartic. 

4. Order, weight, and degree of covariants and invariants* The order 
of a covariant or invariant is the number of times any one root appears in any 
term of its root expression t — it is the co of Arts. 2,. 3 ; its degree is the number 
of times x appears in any term and is equal to the m of Art. 2. 

The weight of a covariant or invariant is the number of determinant fac- 
tors in its symmetric function, and is the sum of all exponents with a double 
subscript in (9), Art. 2, or (3), Art. 3. 

Let n ^ degree of a quantic, 

m ^ degree of a covariant of the quantic, 
<o ^ order of a covariant, 
X ^ weight of a covariant. 

Now, equations (7), Art. 2, form a set of n equations in which each term e,., 
occurs twice ; and in which, therefore, the sum of the terms with double sub- 
scripts is 2z ; while the sum of the terms e^, e^, . . . , e„, each of which occurs 
but once, is m. Adding, this set of n equations gives 

2z -f m = ?).w , (1) 

.•. m = nw — 2x , (2) 

which is true for any covariant.^ An invariant is a covariant in which m =0 ; 
therefore, in any invariant 

nw = 2x; (3) 

hence the product mo must be an even number. 

• Salmon's usage of these terms is followed. 

+ The terms of the root expression are understood to be the terms in the symmetric root func- 
tion ; thus (a^fy'S' is one term in 2' {aj5)^V, and {ayf^S^ is another term. 

% See Burnside and Fanton, Theory of Equations, p. 370. Salmon, M. H. Algebra, p. 130. 



or 
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5. Reduction formulm. Prom the three equations 

« = «!« + «2y. i3 = iSiaj + iSjy . r = yve-\-y^y (i) 

there arises the determinant 

^ A /?2 =0, (2) 

«(^r) + iS(r«) + r(«/9) = 0; (3) 

and from the four equations 

« = «i« + «2y , ^ = A« + hy . -r = n« -^w, ^ = V + % , (4) 

is obtained 

{aS) (^r) + m (r«) + W («i3) = . (5) 

By means of formulas (3) and (5), and others derived from them, the gen- 
eral symbolic forms (P, 6, can be expressed in terms of irreducible* covariants 
and invariants. These reductions are similar to those of Clebsch and Gordan.f 

E. g. to reduce I (a^) (j-a) ^y. From formula (8) 



2 («/9) (r«) ^r = <^ ikf - ^ iraf - f {a^f , 

22' («^9) (r«) iSr = i- j «^ (^r/ - ^ (r«)^ - f {am 

••• 2V(«/3)(r«),9r = -i'(«^)V, 



(6) 

(7) 
(8) 



i. e. I (aj3) {ya) ^y is a multiple of 1 (a^f -f. 

Similarly I{^yf («/9) (ja) a^^y is a multiple of I {^yf {a^f a?f. 

6. Transvection. The operation \ j- • \-r- ~ "^ A-j- \ \ <f'PA^ which 

the differential operators in parentheses act upon (p, and the others upon <f, 
will be represented by {<f>p}''; it is called "the ^h transvectant of f over ip" 
Let 

(p^a=a^x + a.^ , (1) 

4> = ^^,%x + ^^, (2) 



then 



^^^''J=s-i-i-i=«'^^-«^'=(«'^)' 



(3) 



♦ Salmon, M. H. Algebra, p. 175. 

tjSee Clebsch and Gordan ; also Salmon, p. 318. 



104 MACKINKON. CONCOMITANT BINABT FORMS IN TERMS OP THE BOOTS. 



and the determinant symbol (a^) maj be considered the 1st transvectant of a 
over ^. All invariants are made up of the transvectants («/?), (/9;-), etc. (Art. 2) ; 
and all covariants are made up of these transvectants and the linear quantic 
factors. For convenience «, j9, j-, . . . will be called quantic factors, and (a/9), 
(pf), . . . invariant factors ; while the name transvectant will be reserved for 
the general operation \tpipY. 

7. The first transvectant. Any two covariants of a quantic, expressed as 
rational, integral functions of quantic and invariant factors, are of forms like 

f = A,^r^ . . . + A^ayS . . . + A^a^t ... + ..., (1) 

^ = B,<^^r • • • + Bfi^r • • • + B^fif ... + ...; (2) 

wherein A^ ^ the invariant factors of the Hh term of <p, 
Bf = the invariant factors of the rth term of ^. 
For these two forms the first transvectant is 

^^^ {.dx dy dy dx 

= A,B, {(^a) r^ ... «/9r ... + (^r) r<5 ••• a'^s ••• + ••• } 
+ ^,5,{(^«)r^...^... + (^)rd...«^e. .. + ...} + 

-^"PHdi-d^'Ifi-ddiS^^P^Hd^-Tr Tr'T^S 



+ 



(3) 
(4) 



In the result (3) of this transvection, each term contains a new invariant 
factor and the invariant factors of one term of <p and one term of <p ; and in 
each term any letter appears the same number of times that it appeared in a 
term of (p and a term of (p taken together ; and therefore the form (3) is a 
covariant. The letters a, /9, j- . . . have changed their places by pairs from 
quantic to invariant factors,* one pair in each term, and one member of each 
pair from (p and the other from (fi. 

8. The rth transvectant. Let f be any covariant. Then 



(1) 



d^w 
dx' 




-- 


2 


d!^fp 


h^ + A| + . 


J 


r 

9' 



* Oordan calls this change of letter by pairs from quantic to invariant factors, the Faltung 
Proeea. See Qordata's Vorlesnngen uber Invariantentheorie, p. 10. 
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dip f d , a d , 



d'<p r d , a d , "!'• 



(2) 



d^+l^ 
dfdaf 



d , Q d , 






(3) 



Let f , = 



dx' 



f.= 






; then, if f and ^ are any 



two covariants of an nic, 



{ d , V 



L 



(Za 



J 






^ 









[«'-<^a 



J L 



+ 






<P 



,[ d . ^^ \ d . 



<p 



= ^''^^\da[d-fi\-d^[d'a\lf^' 

+ (-)1|[#j-#4l]lV+- 

2(«^)(r«);3^^^J-^i;^l I \Tr[d-aj-d-a[Trl i^^ 



+ 
+ .... 

Similarly, for the rth transvectant 



(4) 



+wS|[^]-^[|]h...]V. 



(5) 
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Prom (4) and (5) it appears, that in the rth transvectant of f over (p, the 
letters a, ^, y, . . . have changed their places by pairs from quantic to invariant 
factors, r pairs at a time, one member of each pair from tp and the other from 
(/> ; and that each letter appears the same number of times in any term. The 
Hh transvectant of f over ^ is a covariant or invariant ; its weight is x -\- x' -\- r, 
its degree is m + m' — 2r, and its order is (o + co', where the primed letters 
refer to <p and the unprimed to f. (See Art. 4.) 

9. Covariants and invariants as transvectants. Since all covariants and 
invariants are combinations of quantic factors, and of the invariant factors which 
are derived by transvection from quantic factors, it is evident that all invariants 
and covariants are the result of the transvection of some covariant over some 
other covariant or the same covariant.* If f represent any binary quantic 
a^Y . . . , every possible covariant and invariant of y will be included among 
all the possible transvectants of_/overy, and all the possible transvectants of 
these ^transvectants, etc. 

To illustrate the connection between the possible transvectants and the 
covariants and invariants of a quantic, we give the following table of possible 
transvectants of the cubic.t 

{ff'\ = 0, {ff'\^ = m,H, \ff'Y = 0, 

\HH'\ = Q, \HH'Y = m^D, 

\fH\ = m,J, j/fl-p^O, 

\JJ'\ = 0, \JJV=- mJI^D , {JJ'Y = , 

\HJ\=m,D,f, \IIJY = (), 

\fJ\=m,R\ {//r = 0. \fJY = rn,I), 

in which 

f = f'==.a^r, H=H'=I{a^)Y, J = J' = I(a^r {ay) ^f , 

and wij, TOj, m^, . . . are numerical multipliers. 

In this table and throughout this paper, the names of forms, as IT and J, 
refer to functions of the roots ; it is evident that the transvectants give 
numerical multiples of these functions. 

10. The connection between coefficient and root symbols. It has been 
shown by GordanJ that the symbolic coeflScient forms may be derived pri- 

* See general invariant and covariant as given in Arts. 2 and 3. 
t See Gordan's Vorlesmigen, Vol. II, p. 172. 
I Gordan's Vorlesungen, Vol. 11, pp. 10, 34, 39. 
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marily from a consideration of root symbols. Thus, letting 

(f ~ /?i,'V>3 . . . = a ™ , 
<p = a^a^^ ... = b^, 

in which pi, f)^, p^, ■ ■ ■ represent a, fi, y, . . . and are made identical after trans- 
vection, and />,, p^, p^, . . . = <t„ a^i "^3, • • • , we obtain by means of Art. 8 

5^^}* = I'Ca'^O • ■■{p.'^.)- -^ -. 

Pi ■ ■ • pk • <^i- ■ ■ "h 

Substituting a for every p^ and h for every a„ 
[(fip]" z= m{m — 1) ... (m — k + 1) ?i(w — 1) ... (w — k -\- 1) (a5)* a""* 5"~* ; 

(ah')'' «"*"* 5"~* = ^ iwdj\'' 

■• ^ ' m{m~\)...{m-k-\-l).n{n — \)...{n-k-\-iy^^^ ' 

In this view, the coefficient symbol is a reduced form of the root symbol. 
Any trausvectant operator applied to given covariant functions in their root 
forms, produces a certain other covariant or invariant expressed in the roots ; 
and the same covariant or invariant in its coefficient symbol is produced by 
the application of this same transvectant operator upon the given covariants 
in their coefficient symbols. Symbolic covariants and invariants whether ex- 
pressed in root or coefficient form are thus but developed transvectants. If 
l^'j^be ap]:)lied to a*' = 5*, the form (abfa^^ is obtained; if applied to 
a^yd [= a*], the form I{a^yf^ is obtained ; the first result being the coeffi- 
cient symbol for H of the quartic, the second result the root symbol* of the 
same invariant. 

11. Transvectant relations among covariants and invariants. Since 
the root and coefficient symbols of a covariant or invariant are different 
expressions for the same transvectant, all the transvectant relations which 
Clebsch and Gordant have proved to exist among covariants and invariants 
in their symbolic coefficient forms are equally applicable to the symbolic root 
forms of covariants and invariants. The same relations can, of course, be 
proved independently for root forms, but with greater labor, since the root 
expression, equivalent to a single-termed coefficient symbol may involve many 
terms. 

12. Soot syrnbols obtained iy transvection. As an example of the opera- 
tion of transvection, and to illustrate the process of obtaining root symbols, we 

* For the quantio (a! — «) (* — P) (* — ?*) (* — ^)> t*"'* '■°°* symbol becomes I (a — /?)' 
t See Clebsch Theorie der binaren etc., Gordan's Vorlesungen. 
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give the following derivation of the root forms of the covariants H and J of 
the cubic <p = <p = a^Y = («,« + a^) {^^x + ^^) (n« + W) ■— 

^""^P^' Xd^ df [d^dr] S 
T-^KP) KPT) \ ^^^^ ^^^^ ^^^^ ^^ ^ 

= - 2 i {a^f f + (r«r ^^ + (^rf «' - 2 («^) (r«) i9r - 2 («i9) (^r) «r 

-2{r«)(^r)«^h 

but by formula (3) Art. 5 

2(«^) (r«) /3r = «'(/3r)' - ^W - fio^^f, 

... I ^^ ; 2 = _ 4 5 {apf f + (;'«)» ^ + (^yf a^ 
.-. I{a^ff is the root symbol for H, which has the coefficient symbol {ahfal. 

^ ^P'' ld$ dr d^~df^ 

= 2 («A) 1 (r«)' ^r - ikf '^r 5 + 2 (r«) 1 (^r)' «'^ - («/5r i??^ 1 

= 2J(ai9f(^r)«;^- 

Practice in developing transvectants and in applying the general results of 
Art. 8 would make it evident upon inspection that f^^ pis some numerical 
multiple of I{a^ff, and that {^^| is such a multiple of I{a^f {^) of. 

13. Numerical relations between root and coejicient symbols. In the 
results of a calculation of root forms which are given in Chap. Ill, no attempt 
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is made to express the numerical relations between the root functions and their 
corresponding coefficient functions, or the relations between root functions 
and their transvectants. To obtain such relations betw^een a coefficient form 
and its root expression involves a consideration of the transvectant multiplier 
(Art. 10) and of the combinations that occur in the reductions to the irreduci- 
ble form of the root function. And to establish relations between the root 
expression and the coefficient function itself (not its symbol) involves the de- 
termining of the numerical relation between the Clebsch symbol and the coeffi- 
cient function ; or the determining of relations between the coefficient function 
and the root expression by means of known coefficient and root relations. The 
following is a simple example of the numerical relation existing between the 
coefficient function (Salmon's), the coefficient symbol, and the root symbol : — 

H (Salmon) =\H (Clebsch) = ^^,^_ ^^ \ff\ ' 

i_2(n — 1)2'(«^)V^. 



2n'(n-l)' ^~" ^" - -; - k'W r " • • M 
1 



Chapteb II. 

A Comparison of Koot and Coefficient Symbols. 

14. The covarianf coefficient symbol. The covariant and invariant 
coefficient symbols, called by Salmon the symbols of Aronhold* and Clebsch, 
are the expression of transvectants of the quantic a", which is {a^x + «2y)"; 
and they have been shown to be the reduced forms of root symbols (See 
Art. 10). The coefficient symbol for a covariant is of the formt 

{db)'" (ac)'" (he)'" . . . (?m)'r» a*' b''C' . . . , 

where e^ + e^.i + «r,2 + e,.,, + . . . -|- e,..,._i + 6^.,+, + ...«,,„ = w, w being the 
degree of the quantic to which the covariant belongs, the number of different 
letters denoting the order of the function, the number of linear factors the 
degree, and the number of determinant factors the weight. Thus tToi the 
quartic is denoted by {aby (ac) abV, which is of the degree 6, order 3, and 
weight 3, and in its symbol each letter appears four times. 

* Aronhold, Crelle's Journal, Vol. LXII, 281. 
t See Clebsch, Gordan, Salmon. 

Osgood "On the symbolic notation of Aronhold and Clebsch." American Journal, Vol. 14, 
p. 251. 
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15. Order, weight and. degree in root and coefficient symhols. The degree 
and weight in the root symbols are determined as indicated in Art. 4 ; the 
degree and weight in the coefBcient symbols are determined similarly. The 
number of different letters in the root symbol of a covariant equals the number 
of times any one letter appears in its coefBcient symbol ; while the number of 
times any one letter appears in the root symbol equals the number of different 
letters in the coefficient symbol. Evidently an operator whose effect is to sub- 
stitute for each letter a,h, . . . oi the coefficient symbol, one a, one /3, . . . will 
change a given covariant or invariant coefficient symbol into a covariant or 
invariant root symbol of the same order, weight, and degree as the given coeffi- 
cient form. If the given form be known to be an irreducible* form in the 
system of the quantic to which it belongs, and the only irreducible form of the 
given order and degree, the root form derived by means of such an operator 
will be either equal to the given form, or differ from it by a numerical factor. 

16. An operator which changes the coefficient symbol of an irreducible 
form into the root symbol of the same form. Such an operator as that men- 
tioned in the preceding article, is suggested by a comparison of the two forms 
of the quantic a". 



{a^x + a^Y = {a^x -f a^y) {j3,x + ^^y) {riX + w) 



(1) 



d d 

Substituting -j— for x and -=— for y in the right hand member of the identity 

(1), there results the operator 



1^ ^ da^ ^da^j 



A:^+A^ 



dtti 



da. 



Ti 



d_ 
da I 



, d 1 
'^^'d^,\ 



which will be written 



f. 



d ^ 



(_ da j 



13 



d^ ( d'] 



da 



J 



da 



J 



(2) 
(3) 



and denoted by the symbol [-Da]- 

The operator (2) acting upon a'" or (a^x -\- a^y)" gives 

n! («ia! + a^y) {ji,x -j- /S^y) (yiX + w) ■ ■ . , 

which we may write in the form 

n ! a^y .... 

In the case of two or more letters in the coefficient symbol, the action of the 

tf , 

♦ An irreducible form is one that cannot be expressed as a rational and integral function of 
other forms. Such a form has been also called Sk fundamental fwm by Salmon, and a ground form 
by Sylvester. 



MACKINNON. CONCOMITANT BINARY F0EM8 IN TERMS OF THE ROOTS. Ill 

operator must be repeated for each letter.* The operator for any number of 
letters, a,l>, c, . . . may be written in the form 

[i>„ . A . A . . .] , (4) 

The operator (4) is to be interpreted as an ordinary differential operator, in 
which each operating factor [^„] acts either upon the original function or upon 
the result of the action of another operating factor or factors, while only one 
of these factors acts upon the original function. All combinations of the n 
roots that are possible within the limits of the given order, weight, and degree 
are admitted to the resulting root form. All of the combinations of the n roots 
which do not disappear, give terms which are of the same order, weight, and 
degree and which are, therefore, reducible to the same form. In anj' case this 
operator completely accomplishes the desired purpose of changing each coeffi- 
cient letter into the n root letters, preserving the invariant form in its order, 
weight, and degree ; and if in the form-system of the wic there be but one irre- 
ducible form of the given order, weight, and degree, the result of the operation 
must be the root symbol of the given coefficient form. 
A few examples are given : 

(1) Let H\ = {ahf, 

[ « ^ V= 2 {ah) {ah) , [i>„] // = 2 {ah) Qdh) - A , 

^«^l^ = 2(«i)(^«), lD,-]A = -2{a^f 

.-. (ajSy is the root symbol corresponding to {ahy. 

(2) Let Jt = {aby {ac) he" 

i iD„-\J= {ah) (/J5) (cr) he" + (ah) {yh) (C;9) he' + {yh) {^h) {ca) h<? A, , 
i [D,]A, = («^) (/?«) {cr) rd" + {ar) i^a) {cr) ^<? + («^) {fir) {q-) ac' 

+ («/3) (r«) {c^) y<? + {ay) (r«) (c;9) ?<? + {ay) (y^) {c^) ac' 

+ (r«) {^) {ca) ?<? + (r/5) (/9«) {ca) y<? + {y^) {^y) {ca) a<?~A„ 

[Z),]yt,= -2.4i'(a^)'(ar)r'/9 

• See Goi'dan's Vorlesungen, p. 41. 
t Clebsch's H. 
X Clebsch's J. 
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.*. S (a^y (ay) y^^ is the root sjmbol corresponding to the coefficient symbol 
{ahf {ac) h<?. 

17. An operator which changes the root symbol of an irreducible form 
into the coefficient symbol of the sam^ form. The considerations which have 
given rise to an operator upon the coefficient forms, also give rise to an 
operator which changes root symbols into coefficient symbols. In the deriva- 
tion of root symbols from coefficient symbols, the object is to introduce an a 
for one «, an a for one ^, etc. for each root ; this object is accomplished by 
the operator 






d , d ^ ( d , d 



(1) 



repeated as many times as any root a appears in the root symbol, where a is 
replaced by a different letter h, c, at each repetition. This operator (1) we 

write in the form 

[ d-\{ d^( d^ ,„, 

and denote it by the symbol [aZ>]. A few applications of the operator are 
given: 

(1) Let H= {a^ff + {ayf ^ + m' < 

d 



\aD1R = 



d^ 



d^ r d' 



H 



= 4 Kaa) (a^) ya + («a) {ay) ^a + (^a) {ay) a<£\ = A^ , 

[bD]A, = — 12{abfab 

.: {ahf ah is the coefficient symbol of the form whose root symbol is I!{a^yy^. 

(2) Let S = {a^y {ydy + {ayy {^^ + {ady {^yf , 

then [a2>] S=12 {aa) {a^) {ya) {ad) = J., , 

lbD]Ai = U{ahy, 

.-. {aby is the coefficient symbol of ^{a^y {T^y* 

This operator is of nse only in the determination of the coefficient symbol 
of an irreducible form, which in its order and degree is tinlike any other form 
in the form-system of its qnantic, for the same reasons that operator (4), Art. 
16, is of nse only when applied to forms of this kind. 

* Compare Oordan's VorlesuDgen, p. 41. 
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18. Derivation of root symbols from coefficient symbols. In obtaining 
root symbols from coefficient symbols, a simplification of the process indicated 
in operator (4), Art. 16, is desirable. According to the principle of the forma- 
tion of the operator, we can write as many root terms of given order, weight, 
and degree, as there are possible arrangements among the different roots within 
the imposed conditions. Each of these arrangements gives a term, the summa- 
tion of which is an invariant function of the roots and of the given order, 
weight, and degree ; not including the terms which disappear separately. If 
the given coefficient symbol be an irreducible form and the only irreducible 
form of the given order and degree among the forms belonging to its quantic, 
this coefficient form can differ from any one of the root summations only by 
a numerical factor ; i. e. the different possible arrangements of the roots give 
different root symbols for the given invariant form. But all of these root 
symbols can be expressed as multiples of the most compact form — the standard 
form — of the given order, weight, and degree ; for example, ^{a^) {af) ^y and 
I{a^'fT^ are forms derived from {ahfab, and by the reduction formulte (Art. 5) 
I{a^) (ayj^T can be reduced to I{a^yy^ which is the standard form. 

The operation of changing from a coefficient symbol to a root symbol is 
(essentially) introducing an a for each letter, a /3 for each letter, and so on for 
the n roots a, ^, j; . . . . If this be done, no matter in what order, it will give 
a form which will either be identically zero or be equal to some multiple of 
the standard root form of the given invariant or eovariant. The forms which 
vanish can be avoided easily in the process of change. Let us consider 
(aby (ac) bc\ one of the irreducible forms of the form-system of the quantic. 
Changing one a into «, one a into /9, etc., there results 

(ab)i^b)(ri)m{ec)bc'; (1) 

changing the b's similarly and avoiding terms (aa), we get 

(a^f(rSnec)ec'i (2) 

and changing the c's similarly, 

{a^nrSf(ea)^8^, (3) 

which is a term of a eovariant, and of the same order, weight, and degree as 
the given form. Therefore S{a^f {ydf {sa)^yds^ is some multiple of {ahf (ac) be* ; 
and, moreover, this summation cannot be reduced to a more compact form. 
The operation here performed is evidently an abbreviation of the action of the 
complete coefficient operator of Art. 16. The use of those combinations which 
give most compactness and symmetry to the resulting form, decreases the 
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amount of reduction necessary to bring the resulting root symbol to the 
standard form. In the example given, (2) might have been written 

ia8){Mmmi^c)ec*, (4) 

from which arises 

H)(/3«)(r/9)(«»(e«);?r«V. (5) 

and therefore l'{a8) (/9«) (/-/S) (df) (so) ^-j-d^ is some numerical multiple of 
(aby (ac) be*. But (ad) (fia) (rpl) (Sr) can be replaced by (a^f (rdf or («r)' if^^f 
or {a8f {(iyf (see Art. 5), and therefore {aby {ac) be" is a multiple of 2'(«j3f [ydf 
(sa) ^r^s^ . 

As another example of this method of obtaining root symbols, consider 
the form {aby {cdy (ac) (bd), which is what Salmon calls the t/" invariant of the 
quintic. Operating upon this form, we obtain 

(ab) (/95) (rb) {8b) {cdy {bd) (ce) (6) 

{a^y {rsy {cdy {ed) {cs) (7) 

{a^f {r8f {ad) {^d) {rd) {sdy {8,) (8) 

{a^y{r8y{ref{e8y (9) 

.-. I{a^y {r8y {rsf {e8y*= m {aby {cd y {bd ) {ca) (10) 

where m is any numerical multiplier. 

This method of deriving root symbols cannot be of use in determining the 
root symbol of a form which is not the only irreducible form of its order and 
weight in the form system of its quantic. In such a case, as in all cases, the 
root symbol can be obtained from other root symbols by transvection (see 
Art. 12). In most cases tlie transvection method is simpler than that of the 
above examples. 

19. Cayley sym,bols.\ The Cayley symbol indicates an actual operation 
to be performed upon any quantic or quantics, while the Aronhold and Clebsch 
symbol expresses the symbolic result of the operation indicated by the corre- 
sponding Cayley symbol. Thus 12 13 acting upon a quartic is the Cayley 
symbol for {aby {ac) a¥<? ; the Cayley operator being identical in its sym- 

* Salmon gives this expression for the J invariant and remarks that the function J (a — ^Y 
{y — dy (d — e)" (/S — yY (s — o)' has been found to have the same value. According to the 
principles by which the above results are obtained, the form (10), and the function just given, and 
also the function I {a — /S) {y — S) (o — y) {(i — S) {8 — e)' (/? — j-)« (e — a)* are different 
expressions for the same function J (see Salmon, pp. 246, 250). 

t Cayley, Collected Papers ; Crelle, Vol. XXX. Salmon, M. H. A., p. 137. 



MACKINNON. CONCOMITANT BINAEY F0EM8 IN TERMS OF THE ROOTS. 115 

bolic form with the determinant part of the Aronhold and Clebsch symbol. 
If a Cayley symbol for any covariant or invariant act upon any quantic in its 
coefficient form, the coefficient expression of the covariant or invariant is ob- 
tained ; if the Cayley symbol act upon the quantic expressed as a product of 
linear factors the result will be the covariant or invariant expressed in terms 
of the roots of the quantic. E. g. 
d d 



12 = 



dx■^ dy^ 

d_ jd_ 
dx^ dy^ 



\ dxi dyi \dxidy^ ) ' 



the operand being the product of the quanticsy(a;i, y^,f(x^_, y^, which are to 
be made identical after the differentiations have been performed. Let 

f{x, y) = aa? -\- 3ia^y + 3cxf -\- df = a{x — ay) (x — ^y) {x — yy) . 

The operator (1) acting upon ax? -\- ^hxh/ + ... in the manner stated produces 

{ac — ¥)a?-\- (ad — he) xy + (bd - <?)f , 

and acting upon a{x — ay) {x — ^y) (x — yy) produces 

a^Iia-^Yix-ryy. 

20. Systems of quantics. If ^ be a covariant of any quantic f, and (p a 
covariant of a different quantic y, then {f^}* is a covariant of the system of 
two quantics y and y. 

E. g. Let ip = {ahf ah, and ^ s (a'h'f (aV) a'h'^c'^ ; then \(p4>\^is (ahf {a'hj 
(a'c') (aa') (hh') h'd^, which is a covariant of the system of cubic and quartic. 
Similarly, \i (p = 2'(«^)V, and 'P = ^{a'fi'f (a'r') ^r'^^\ then \<p4>\'' produces 

2'(«^)n«W_(«y)(rrT/^. 

The typical covariant of the system f and f, when f is of the degree n 
andy of the degree m, is (compare Art. 3) 

wherein 

«1 + «12 + «13 + • • • «ln + «'ll + «'l2 + • • • «'lm = C , 

^2 + ^21 ~r ^23 ~r • • • ^2il + ^ 21 + ^ 22 H" • • • ^ 2m ^^ '" > 

«n + «nl + «n2 + • • • «»,n-l + «'nl + «'n2 + • • • «'nm = <" , 
^1 + ^ 12 "T ^ 13 + • • • ^ Im + ^ 11 + ^ 12 ~l" • • • * In = '" > 

^m~T^m\~T^tn!l~T---^ m,m-l ~r ^ ml H" ^ »n2 "T • • • ^ mn ^=^ '" • 
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Covariant and invariant relations among any number of quantics can be 
similarly expressed. The operators of Arts. 16, 17 may be applied to these 
forms as to the forms of a single quantic, the action of the operator being re- 
peated for each quantic of the system ; and the coefficient symbol of a covari- 
ant or invariant of a system of quantics may be changed into a root symbol by 
the methods of Art. 18, if the given form be an irreducible form unique in its 
order and degree. If a covariant or invariant of a system of two quantics be 
represented by a Cayley symbol, the particular quantic to which each figure 
1, 2, . . . refers, must be indicated ; unless the covariant or invariant of the two 
quantics is of the first order in regard to each quantic, i. e. unless w =w' = 1. 

Thus {abf {aa') a% is completely represented by I2' 13 . ZZ/') C^j(» U^<^\ in which 
the indices of U denote the degree of the quantic, and ^1®, U.^ are to be 
made identical ; but if the quantics operated upon be not so defined, the Caj'- 
ley symbol of this covariant can not be distinguished from that of {a'h'f{aa') aV)' 
(see Table IX, Nos. 4, 6). 

Similarly, the two forms {ahf{aa') (bb') and (abf (ac) (ba') <? are 12 13 24 . 

W^ Uf> U^'» ?/";<« and 12' 13 24 . Z7«) Ui"^ Z7® Z7;<'). The form {a' a) a" may be 

represented by 12 acting upon the linear and cubic, in which it is indifferent to 

— s 
which quantic either figure refers ; and (a' of a may be represented by 12 acting 

upon a cubic and quadratic. 

Similarly, in the Cayley symbol of a form of a system of k quantics, the 

quantics to which each figure refers, must be definitely indicated unless the 

form is of the first order in regard to each of the k quantics. 

Chapter III. 
Tables op Covariants and Invariants. 

21. The Tables at the end of this memoir include the form-system of the 
lower quantics through the sextic, and the form-systems of pairs of the first 
five quantics (including the linear quantic) ; and afford a complete list of the 
root expressions of the irreducible covariants and invariants of these quantics 
and systems of quantics. The arrangement of the forms is such as to facilitate 
a comparison between root symbols and coefficient symbols, and a comparison 
of the coiTesponding forms of different form-systems. The relations among 
the different forms of any system are indicated by the trans vectants. The root 
symbols have been obtained from the root symbols of the quantics through 
transvection. (See Arts. 12, 8.) The Cayley symbols have been obtained 
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directly from the Aronhold and Clebsch symbols ; while the Aronhold and 
Clebsch symbols are the symbolic coefScient expressions of the transvectants. 
Many of the transvectants are those given by Clebsch ; and a number of 
others have been formed from known relations among the forms involved in 
them. The transvectants of Tables V and VI have been obtained from con- 
siderations of the orders and degrees given by Sylvester in his Tables* of 
ground forms. The transvectants of Table X were obtained by an inspection 
of the forms given by Gundelfinger in his Programmed of 1869. 

The names given by Salmon are used in the Tables as far as possible ; 
when the Salmon names have been lacking, those of Clebsch are used. In the 
few cases in which both are given, the first is Salmon's name, and the second 
that of Clebsch. Forms named neither by Salmon nor Clebsch have been 
named according to some characteristic, or by analogy ; or if a suggestion has 
been wanting, the names <7„ Cj, . . . have been given to the unnamed covariants 
and /], /j) . . •! to the unnamed invariants. 

In the Tables of systems of simultaneous quantics, those covariants and 
invariants which belong to each quantic separately are not given, but may be 
found in the Tables of the single quantics. The Cayley symbols of forms be- 
longing to a system of quantics are given only for those forms which are of 
the first order in regard to each quantic. The Cayley symbols of forms of 
higher orders involve a designation of the quantics to be operated upon (see 
Art. 20) ; it has been thought needless to give these symbols, since the forms 
they represent are completely defined by the simpler Aronhold and Clebsch 
symbols, and since all Cayley symbols can be obtained directly from the Aron- 
hold and Clebsch symbols. 

22. Root differences. It is desired to emphasize the fact that the sym- 
bolic root expression can be written as a symmetric function of root differences 
(see Art. 2) ; for this reason the root symbols and root differences are written 
side by side in Table I. When the general quantic 

(«ia; + Ojy) l^^x ^- ^^) {y^x -f- y^) ... (1) 

is written in the form 

a,ix~a)(x-^{x-y)..., (2) 

* Sylvester, Ameriean Journal of Math., Vol. II. 

t Qnndelfinger, "Zur Theorie des timulianen Systems Hntr euHsehen und einer bigttadratitdun 
bindren Forms," Stuttgart, 1869. 

Sylvester has shown that three of the forms given by Onndelfinger are reducible forms ; these 
are Gundelflnger's forms (an) {a<f) a, (Tw)* (Tw')* T*, and (aT )' {TQ)* QT (see Sylvester, 
OompUt Bmdus 87). 

X This is somewhat in aooordanoe with the nomenclature of Fait de Bruno. 
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y of (1) becomes unity, a^ of (1) is replaced by — a«i, and o-x^ifx . . . by «„ ; 
and the general covariant (see Art. 2) 

which is 

■^(«i/32 - c^iY" (/3ir2 - fi^riY" • ■ ■ (^v^ - /i^v,)^"-'-" 

. (a,x + a^yy- (j^^x + ^^y)"- . . . (v,a; -f- v^y)^™, (4) 
becomes 

fto" I{a — /3y" (/9 — ;-)'" . . . (/i — v)«"-i,n (a; — a)"- (« — j8)*» ...{x — v)«n. (5) 

Thus -77' of the quintic has the root symbol I {a^fy-S^s^, which expressed as a 
covariant of the quintic of the form (2), is 

< 2'(« - ^f {X - rf {X - sy {X - sf , 

and ^of the same quintic has the symbol 

2(a^y{rdy{aef{^ef(ref{de) , 
and may be written 

< I {a - /3)« ir - 8y (« - ey ifi - ey (r - e)^ (d - ty . 

The quantic {x — a) (x — ^) (x — ;-)... is a particular form of the quantic (2) 
in which a„ equals unity ; and for which the covariant (3) becomes 

I (a — j8)«'» (/? — ;-)«" . . . (/i — v)«n-i,« . (x — a)«' {x — /9)«» . . . (x — v)'", 

where each factor (a/9) in the covariant sj'mbol is replaced by (« — /?) and each 
linear factor a, which is a^x + o^y, is replaced by (x — a). This latter form 
of the quantic, the form {x — a) {x — ^) {x — ;') . . . , is adopted in the tables, 
where the root differences are given, On the other hand the root symbols are 
the symbolic expressions of the root forms of the quantic in its more general 
form. 

Chaptee IV. 

Paeticulae Classes of Fobms and Opeeatoes. 

23. Emanants. Emanants of a binary quantic f, have been defined* as 
the functions \x' ^ — |- 3/ -,- j f, these functions being the coefficients of / in 

fix + Ix', y + l^f) =f{x, y) + )Jf{x, y) + ^^ /{<», 2/) + ■ • ■ , (1) 

wherein d^a^ ^ — \- y' , 
dx ^ dy 

* Salmon's M. H. Algebra, p. 115. 
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Emanants satisfy all the conditions of covariants (or invariants) of a sys- 
tem of nic and lie (Art. 20) ; but are not properly covariants of the nic, if 
covariants of the nio be defined as in Art. 3. 

In the operator J let a^' = y" and — «2' = *> ^^^^ t^® emanant operator 

is in a form that corresponds with the notation of the pre- 



, d , , d 



ceding articles. The emanants of the quantic 

(«,« + a^y) (/3,« + ^^) (n« + W) • • • 
are as follows : 

1st emanant = J [(«,« + a^y) (/9,a; + j^^y) (r^x + y^y) . . .] (2) 

= ^ {<<h - <«.) (A« + M in^ + W) (3) 

= I{a'a)pr...; (4) 

2d emanant = J^ [a^y . . .] (5) 

= i' («'«)(«'/?) r^...; (6) 

3d emanant = J' [a^y . . .] (7) 

= 2'(a'«)(«'^)(«V)5...; (8) 

and similarly the higher emanants may be found ; the Ath emanant of the 7iic 
being made up of terms in each of which are k determinant factors of the 
form («'/9). The wth emanant of an nic is an invariant, and a quantic in aj'/o^' 
which has the same roots as the original nic (see Tables V and VI). 

The emanant of any covariant is similarly obtained and is a covariant of 
the system of the given covariant and linear. Thus, for the 8d emanant of II 
of the nic 

^11 = ^ [2'(«iS)^ foV . . .] 

and for the 2nd emanant of J of the ?iic, 

i!?j=^ll (a^f {ar) ^f^^ . . .] 

= 2' {a^y (ar) {a'rf fW^ .... (See Tables V and VI.) 

An inspection of the Tables given by Sylvester* shows that the emanants 
of the quantics there considered and the emanants of the irreducible covariants 
of those quantics are themselves irreducible forms. Emanants are polars, and 
are treated as such in Art. 51. 

* Sylvester, American Jourual of Mathematics, Vol. II. 
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24. Evectants. Evectants of a binary nic are the functions obtained by 
the action of the operator 






upon any invariant of the 7iic, where the nic is of the general form 



(1) 



a^ + naiSi^~^y + 



and where $ and tj denote variables transformed by the inverse* substitution. 
The ^th evectant is the result of k repetitions of the above operator. It is 
known that in any binary quantic y and — x are cogredient* to $ and rj. Sub- 
stituting y and — x for ^ and rj in (1) we obtain the eveotant operator 



\y -^ 

I da„ 



da^ da^ da^ 



In the Clebsch symbolism (Art. 14) 

(a^x + a^f=a^ + liaiof'-^y + . 

where 

and 

da- 



n\ 



r\{n — r)\ 



a^-^y + 



«r = <-'■<, 



d \ 



da~ 



(n — r)\r\ \da^ \ 
Substituting from (5) in (2), we obtain the expression 

d 1 



(2) 

(3) 
(4) 
(5) 



n ! |_ \dai\ ^ ^ da^j 



+ (- 1)' 



da^ 



a;jr-* + . . 



f d 



which is 



(n — r) ! r! [<?a,J [^da^ 



■f d 



x^y^-^ + 



•]• 






d 



d 



V -7 ^-n— 

da^ da^ 



(6) 



(7) 



an operator which if acting upon the coefficient symbol of any binary inva- 
riant will produce the evectants of that invariant.f Omitting the numerical 
factor, (7) may be written in the form 



d 



d ^ r. d 



d 1 



[^d^-"^] [^wr''w.\ [^w-^'w.i 



d 



d^ 



(8) 



'* Salmon's M. H. Algebra, pp. 118, 128. 

t Operator (1) and the corresponding symbolic operator (7) applied to oovariants produce 
other coyariants. See Salmon, p. 122. 
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in which 

^d_d^ 
da^ d^-i dxi 



I ^ _d_ d d 
\da^ Sj^ dxx ' 

d d d 
da^ d^^ dy^ 





r d 1 


n 






1 




<?a, 


) 


[ d 1 


"-1 r <? ~i 1 

[da,\ ' [ 


_n(n — 1) r <? 1 "-' 
2 [da^j 


f d 1 
da^ 


2 



(9) 



The operator (8) acting upon the root symbol of any invariant, produces the 
root symbols of the evectants of that invariant. 

, which is the operating factor in (7), act upon T of 






da^ 



the quartic, whose coeflScient symbol is {ahf (acf (bey ; and let 

da^ "" da^\ 
d 



sent 



y . 



« :?- I ; then* 



\[ 



da 

fd 



I 



da 
d_- 
da 

d^ 
I 
J 



T = {ah) {acf {bcf {\x + J,y) + • • • = 7; , 

7\ = {acf {hcf {l,x + b^f + . . . = r, , 

T, = {ac) {bcf {b,x + b^f {c,x + c,y) + . . . = r. 



Ta] '•^P'^^- 



(10) 

(11) 
(12) 



_ , r, = (Jc)^ (SiS! + 5jy)=' {c^x + Cjy/ = (Jc)W<r' = ^ of quartic . (13) 



Let the operator (8) act upon S{a^f {ydf {ay) {^8), the root symbol of T of 
the quartic ; and let 



then 



^dj 
[da\ 



\d ^ d ^ ^ d^_{ d d^ 



i[ d^ 



2 ' ^ ' ^^ ^(«^) W («r) m (Aa' + M + --- = T,, 
r^l T, = i{rdy («r) {^d) {a,x + «^) {^,x + ^^) + ...~t,, 

j^|-l T, = I{r§f{^d) {a,x + a,yf {^,x + M + ■ • • = T„ 

i^] T, = I{rdf{a,x + a,yf{^,x +^^f + . . . = MI {r8fc?^ = H. (17) 
•Compare with Gordau's Vorlesungen, Vol. II, p. 127. 



(14) 

(15) 
(16) 
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The operation upon the root forms is simplified by allowing the operating 
factors to act upon but one term of a summation. The numerical multipliers 
may be disregarded when it is only the symbol itself that is desired (see 
Art. 13). 

If the general quantic be of tlie form 

a„{x-a){x-^)ix-r)..., (18) 

«iAri • • • = «o> «2 ^ — ""^i. A ^ — i®/^i> • • • > ^^^ y equals unity ; when a^, 
^i, Yi, . . . may be regarded as arbitrary constants whose product is «„. Ope- 
rator (8) adapted to the forms of quantic (18), becomes 

1 f d^ r d"" [ d^ 



which is 



1 r d^ { d^ ^ d 

«(, [ da J [ a/9j [ dy 



(19) 



If (19) act upon any invariant of (18), expressed as a function of root 
differences, the evectants of that invariant are obtained ; thus (19) acting upon 
a/ I{a — ^f (r — df (a — f) {^ — ^). which is T of the quartic (18), gives 
a/ 2' (7- — df {x — of (x — ^f. In the quantic {x — «) (« — i?) (aj — r) • • • > «o 

is unity ; and the operator corresponding to (19) is 1 a; -^- ^ ■ja\ ^^ '^ \ ' 

25. Evectants of the discriminant. We give the following proposition* 
and the demonstration of particular cases, to furnish examples of evectants 
and to make an interesting use of root expressions. 

When the discriminant of a binary quantic vanishes, the quantic has a 
pair of equal roots, and the first evectant of the discriminant is of the form 

[oiiX -\- a'jy)", when "' is one of the equal roots of the quantic ; and if the 

quantic has k pairs of equal roots the Ath evectant of the discriminant becomes 
of the form 

(a> + a^yf («> + «»" . . . («/*>»! + 0.]*'^)" • 

Thus the Ist evectant of Z> of the cubic, which is {a^y-{arY{^ry^s l'{afif{ar) ^f, 
and is J of the cubic ; and each term of this evectant contains all but one of 
the root differences. If 2> ^ 0, some one determinant, as (^;-), vanishes and 
all but one term of the evectant disappear. The evectant equated to zero 

becomes 

ia^y^ = or ^ =0 . (1) 

• This proposition is proved by Salmon for a ternary quantic. See M. H. Algebra, p. 123. 
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The discriminant of the quintic is 

(a^y (arY (adf (aef (^rf m' i^^Y W ix^f m' ; (2) 

and 

I (a^f {ayf {adf {^rf ( W W (««) m (T^? ^^' (3) 

is its £rst evectant ; and 

2' (a^f («r) {adf m (yd) (as) (/3s) (rs) pPfS'^ (4) 

the second evectant. Each term of (3) contains all but one of the different 
determinants of (2). If (2) equal zero, some one determinant of (2), as (s8), 
vanishes, and (3) equated to zero becomes 

{a^y {arf {a8f {^rf {^3f ir^f d^ = or ^ = 0. (5) 

Each term of (4) contains all but two of the different determinants of (2) ; and 
if (2) equal zero and the quantic has two pairs of equal roots, then two of the 
determinants, as (sd) and (^y), vanish, and (4) equated to zero becomes 

(a^f (adf (^Sy /9»^ = , or /9=^ = , (6) 

which latter form may be written 

i^,x + ^^y (8,x + 8^y =0; (7) 

and similarly for the Ath evectant of any nic. 

26. Differential equations satisfied iy covariants. Covariants (including 
invariants, which are covariants of degree 0) have sometimes been defined as 
functions of the coeflScients and variables of a quantic which satisfy the two 
differential equations* 

Functions f that satisfy equations (1) and (2), are functions which are un- 
changed by either of the transformations 

X = x + Xy, y = 0.x + y; (3) 

ic = x + O.y, y = hi) + y; (4) 

in both of which the modulus is unity. 

* Salmon's M. H. Algebra, p. 63. Gordan's Vorlesungen, p. 119, Vol. II. Burnside and Pan- 
ton's Theory of Equations, p. 378. 
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It is evident that any covariant of a quantic, considered as a function of 
the roots and variables, is unchanged when any quantity is added to each root 
and variable. From this consideration with reference to coeflScient functions, 
arose (1) and (2) ; and from the same consideration can be obtained the differ- 
ential root equations corresponding to (1) and (2). 

In any covariant function of the quantic 



(«,« + a^y) {fiyX + ^a) (7-,a! + r^) 



or 



let i 



fa 



ly 



{aAn • • •) y" 

X I be substituted for 



+ 






1 + n 

y n 



(5) 
(6) 



«2 



— / 1 f or ^ , f §2 _ ; ] for ^ etc. Such 

a substitution leaves the covariant unchanged and is equivalent to the substi- 
tution 

X = X -\- ky , y = .X -\- y ; 

02 = a^ — lay, fli = . OLj + «! ; etc. (7) 

Regarding the covariant as a covariant 6 of the form of Art. 2, where 



and letting 






y fi\ ^ ^2 P2 — T2 



5 + 5^1 
y «i 



.•1 = ^0, 

J 



[y ^K 



we have, by Taylor's Theorem, 



6 
where 



X , . — a. 



[y 



+ K 



-A 



^ + X,=p + k,. 



^ 



d 



d 



+ 



J 
d 



\ = d,- m, + 



1.2 



f?o + 



d 






+ 



d 



, {x^ 



•.(8) 
(9) 

(10) 
(11) 



Since d^ is a covariant, and hence unchanged by the transformation (7), 
the coefficient of X vanishes and therefore 



d6. 






+ 



dd„ 



d 



+ 



ddn 



d\ 



fx^ 



= 0. 



(12) 



L^J 
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Aegarding the quantic (6) as a function of «^ , and writing it in the form 

•27 

6 may be written in the form 



i.«2 P2^ [Pi rzj L'" *^ 






and is unchanged by the transformation 

X = x + O.y, y =z Xx + y; 

Oj ^ «2 + . a, , «i = — ^//2 + «i ; etc. 
Now 1' in (14) can differ only in sign from 

dly nJ^ — A — n ]. 

L^! "2 P2 r2 J 

also, by Taylor's Theorem, 



e 

where 



+ 



d 



«2 



+ 



d 



+ •• 



<? 



and as before the coefficient of X vanishes, 



dd„ 



dd^ 

«2J L^2j 



+ ...- 



d 



dd. 



jTr' 



n^ 



Operators (11) and (17) may be written 



,__ d 



A. 



''-d^ + ^^^ + --—y^^' 



d^ 
dx' 



^-'^^+^4+----^l' 



(13) 



(14) 



(15) 



(16) 

(17) 



(18) 



(19) 
(20) 
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Equations (12) and (18) may be written in the form 

d9 , n dS , dd n 

dd , n de , dB f. 

^ da^ ^^ d^i ^ dy 



(22) 
(23) 



All root symbols of covariants, being the symbolic expressions of 6, satisfy 
both equations (22) and (23). 

27. Particular forms of the equations of Art. 26. Operators (19) and 
(20) are adapted to the form of the general symbolic root expression. In the 
common method of root expression, when the quantic is 



a^{x — ay) {x — /9y) {x — yy) 



(24) 



the covariants and invariants are expressed as functions of a„ and root differ- 
ences. The quantic (24) is a particular form of the general quantic of the 
preceding sections 

(«i« + «jy) (A« + ^si) (naj + rsy) • • • , 



when 



"■Arx . . . = «o. oj = — ««! , iSj = — ^i9i , r2 = — rn . 



The form of operator (20) must be changed, in order to adapt it to the 
covariants and invariants of (24) ; operator (19) does not act upon «j, ^i, fx,..., 
and suffers no alteration excepting the changes involved in the substitution of 
the values of a^, /?2, y^, . . . . 

According to Art. 2 



e = I{a,^t — a^iY^' (wij-j — a^iY" . . . (a^x + a^)'^ . . . 



(«,/9,ri-..)"^'if-J 



h — 'b 



. ix + '^y \ 
I. «i J 



IJi «ij [n «ij L «i . 



= 2a' 



9 — ~\ • <" 
Pi «lj 



Hence, 



de 



de 



"^i J h *! -r— = «i 



r2_«2 



dd da^ 
da^ da^ 



, f , 6t, "1 ' 

L «i J 

dd 

'da„' 



w^ , jdS dd 



dS 
' da^ 



da~ 



dan 



(25) 
(26) 

(27) 
(28) 

(29) 
(30) 
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dS ou^dd , a, dO 



'da. 



a, da^ «! '^ da^' 



(31) 
(32) 



/7 fl /7fl 

Substituting in (28) the values of a^ -j— , ^^ -^ : 

_\<^de ^ds ride ^ 



gives 



J 



fa. 



_|_ I ;;^ _|_ ft _|_ Tj _|_ 



A n 



1 a!6i 



<?(9 



,-'3-, = ". ('5> 



and thus operator (20) becomes 



«! da^ /9i (Zft Yi ^ifi ' "j 



+ !? + § + - + 



1 ^ 



J 



^ da^ 



Ay- (^*) 



Substituting in (28) the values of a^. ft. ^2 • • • which correspond to the form of 
quantic (24), the resulting value of 6 is the general covariant for the form 
(24). Making the same substitutions in (19) and (34) 



^ d . d_ . d . . d' 

\di.^ IS^ ~&(^ - - - ^ '^ Tx ^ 



(35) 



d(t 



'1 + ^1 + 



-(« + /3 + r + ---)«o4-a'4, (36) 



da^ 



dy' 



where d and & now act upon the forms belonging to the quantic (24), and cor- 
respond to the operators (19) and (20) of the general quantic. The differential 
equations corresponding to (35) and (36) are* 



dd dd dd 
da'^ dfi^ dr'^ 



, dd f. 



do. 



, dd , , dd , 



, , n , , ^ dd dd n 

- {'^ + ^ + r + ■ ■ ■) «o :jz- — «> :jr. = ■ 



dUa 



dy 



(37) 
(38) 



If «„ of (24) equal unity, and y equal unity, then (24) has the form 

{x-a){x-^){x-r)..., (39) 

* Compare Salmon's M. H. Algebra, p. 65. 



which is ^{a^fri or (Mn)' ^ 



is a semi-inTariant : it satisfies (22), 
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and the covariants and invariants of (39) satisfy the equations 

obtained from (37) and (38). 

28. Semi-invariants. Semi-invariants are symmetric functions of the 
roots multiplied by {a^xX\ • • •)"> *D<i satisfying but one of the differential equa- 
tions (22) and (28) of Art. 26. For example, the coefficient of a^ in 2'{a^yf, 

§1 — ^ 

vanishing under the operator (19), but does not satisfy (23), nor vanish under 
the corresponding operator (20). Under the operator (20) I{a^fY^ produces 
%I{apfY\T2J which is the coefficient of xy in X{a^Yf^ ; and upon the applica- 
tion of (20), 2' («y9)2^,;-j produces S{a^ff^, which is the coefficient of y* in 
2'(aj9)V) a.nd a semi-invariant. This last coefficient satisfies (23) but not (22), 
and under the action of operator (19) produces the preceding coefficients. 

In general the source* of every covariant is a semi-invariant which satis- 
fies (22) ; and the operator (20) applied to the source produces in succession 
the remaining coefficients of the given covariant. The final coefficient is a 
semi-invariant which satisfies (23) and under the action of the operator (19) 
gives rise to the preceding coefficients in the covariant. 

It may be remarked that a semi- invariant is either a symmetric function 
of the differences of the roots multiplied by (ai^jTi • • •)"> or a symmetric func- 
tion of the differences of the reciprocals of the roots multiplied by {a^^ifi . . .)". 
All semi-invariants which are sources of covariants belong to the first class ; 
all semi-invariants which are final coefficients belong to the second class. 

29. Semi-invariants of the quantic (as — «) (« — /5) (« — f) . . . . The 
root forms of the semi- invariants of the quantic (as — «) (« — ^) {x — y) ... are 
simple and interesting in form. Here the covariant whose symbol is Ko.^Yy' 
has the form 2'(« — ^f (x — yf and its source is the semi -invariant 2" (a — ^Y, 
and its final coefficient the semi-invariant 2 {a — ^)V' !>* *°y covariant sym- 
bol, the determinant part, expressed as a function of root differences, is the 
root expression for the semi-invariant, which is the source of the given cova- 
riant. It should be noticed that semi-invariants of the quantict {x — a)(x — ^) 

• The source is the coefficient of the highest power of x in the covariant. See Salmon, p. 134 j 
M. Roberts, Quart. Journ. Vol. IV. 

t Concomitants of the quantic «„ (x — "■) (x — ,9) (a — ;')... are obtained from those of the 
quantic {x — «) (a — /3) (x — ;')... by multiplying by a^-. 



MACKINNON. CONCOMITANT BINARY F0EM8 IN TEBM8 OF THE E00T8. 129 

{x — y) ... are symmetric functions of roots and root differences, which either 
do not involve all of the roots of the quantic, or if all the roots occur, do not 
involve them similarly ; semi-invariants might be defined as such functions of 
the roots. Those semi-invariants which are sources are functions of root dif- 
ferences only, as in the above example. 

If any semi -in variant summation of root differences be given, the cova- 
riant of which it is the source can be formed directly ; let 2" (a — /3) (;• — S) and 
I {a — ^f (y — Sy (a — 7-) be semi-invariants of the quintic ; then it is evident 
that 2' {a — /3) (/* — d) {x — s) is the covariant of which the first is the source, 
and that I {a — /3)' {y — df (a — y){x — ^) (x — y) {x — df (x — s)' is the cova- 
riant of which the second is the source. 

Here the covariant root summation is obtained from its source by annex- 
ing such quantic factors as are sufficient to cause each root of the quantic to 
appear as many times as the highest number of times any one root appears in 
the semi-invariant summation which is the source. This connection between 
covariants and their sources in the root forms is an attractive feature of the 
root functions expressed as symmetric functions of root differences. 

A peculiarity of the final semi-invariant in a covariant in the root differ- 
ence form, is worthy of notice ; if in the final coefficient (a; — a) be substituted 
for a, (a? — P) for /3, etc., there results the covariant of which the given semi- 
invariant is the final coefficient ; thus making these substitutions in I (a — /3)V> 
there results I {a — ^Y{x — yf. Similarly* if in the source of a covariant 

be substituted for a, , for /?, etc., and the result multiplied by 



x — a ' X — |9 

(x — «)" (a? — ^Y (x — x)" . . . , the covariant with the given source is obtained. 

30. Invariant functions of the wic hecome semi-invariants of the (n -f- ^)ic. 
All summations of root differences that are invariants for any quantic become 
semi-invariants of higher quantics when the summation is applied to the roots 
of higher quantics ; but only those semi-invariants of the higher quantic, which 
involve roots similarly, have corresponding invariants in some lower quantic. 
Thus 2 {a — ^f of a quadratic is an invariant ; but S{a — ^Y of a higher 
quantic is the semi-invariant which is the source of the covariant I {a — ^Y 
(x — yY {x — df ^. . , which is ^of the (2 + ^)ic, and whose root symbol is 

l\a^)y8^ The semi-invariant I {a — ^f (y — df (a — fj, which is the 

source of the covariant whose symbol is 2' {a^f {jSf {ay) ^y8^£*, cannot be an 
invariant of any quantic. It is evident also that any semi-invariant of the wic 
is a semi-invariant of the (n + ^)ic. 

31. Fundamental semi-invariants. The following root expressions are 
the root forms of those semi-invariants, which have been shown by Cayley and 

* Burnside and Panton, Theory of Equations, p. 366. 
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others to be the fundamental semi-invariants in terms of which all semi-inva- 
riants of the nic can be rationally and integrally expressed :* 



Boot Form 
«iAri • • • 
2'(a/3)^(«r)An' 



Coefficient Form 



— 10a„a,'a2 -|- ^a^ 



Source of 



12'. 13 



12 . 13 . 14 



12'. 13 . 14 . 15 



In these the coefficient forms are of the type a^^(a^, a,, a^, . . . a,„) ( — a„ a„)'".* 
32. Semi-covariants.i Semi-covariants are functions of the roots and 
variables which satisfy but one of the pair of differential equations (22) and (23) 
of Art. 26. E. g. if the summation sign of any covariant symmetric function 
of the roots and variables of an nic, be extended to the roots of an (n ■{■ k)\c 
there results a semi-covariant of the {n -\- k)\c. All semi-covariants of an wic 
are products of {ai^iX^ . . .)"y'" and symmetric functions of the differences of 
the roots and variables of the ?uc ; into which functions either all the roots of 
the /lie do not enter, or if they all enter, are not similarly involved ; thus for 



the quartic {a^^^yiSiY 









and («,Ari^i)' ^ 






- I 



are semi-covariants. These may be written in the forms 



If. in the final coefficient. 






I {a^)YS{' and I («/9) Vn^i ! and for the quantic a„ {x — a) {x — /9) (x — r) (« — ^) 
they become a/ l'{a — ^f {x — yf and a,^ 2' (a — ^f (x — y) (x — 8). 

~ + — \ be substituted for -^ , 

_y «ij «i 

"v^ , etc., there results the semi-covariant itself ; e. g. I {a^ya^^^y^^d^ is equal to 
Pi 

{'^ArAT ^' ft - J r I J I '. ^tich becomes («,Ar.«^)* ^' if - J i ' il + ^] * 

when the substitutions are made. The final coefficient under the successive 
operation of d produces the root expressions for the preceding coefficients. 

•Cayley, Am. Jour., Vol. VIII, p. 59; A. B. Kempe, London Math. Soc. (1893), p. 105; E. 
B. Elliott, Messenger of Math., Vol. XXIII, p. 91. 
t Burnside and Fanton. 
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There are fundamental semi-covariants in terms of which all semi-cova- 
riants can be expressed as rational integral functions. Let S = any semi- 
covariant, and .<< ^ the final coefficient in tS; and let cp and d be rational in- 
tegral functions which involve the roots in the same degree. Then 



L«i Pi 


1 

-J 


— "o " \~ > — ' • • • 




L «i «i A 





Substituting \^ + "-^1 for ^' , [^ + §] for §, etc., in s, we obtain S; 
therefore 

= y™ ^ [i'(«ia! + «2y) , 2'(a,a; + o^y) (^a? + fi,y) ,...]; (5) 

hence I{a^x + a^y), I{a^x + a,y) (/9,a; + fi^y), etc., may be taken as funda- 
mental semi-covariants in terms of which any semi-covariant S can be expressed 
as a rational integral function. The series of fundamental semi-covariants are 

the 1st, 2nd, . . . , (w — l)th derivatives of the wic, (a^x + a^y) {^^x + ^^y) 

If the nic be a^{x — a) {x — ^) {x ~r) • ■ ■ . then (4) becomes 

S^aJ^d [I{x — a) , I(x — a)(x~^), . . .] . 

33. Semi-invariants and semi-covariants of a system of quantics. What 
has been said in Articles 28-32 concerning certain concomitants of a single 
binary quantic, can be extended to similar concomitants of a system of quan- 
tics, where the operators and differential equations are obtained from those 
of Art. 26 by annexing similar root terms for each quantic of the system. Thus 
(19) and (20) of Art. 26 become for a system of quantics 

'="-^d^,-^^^d^.^--- 
"'^"-dil^^'^w^--- 

It is evident that I {ad) {^p') is a semi-invariant of any system of 2ic and 
(2 + k)ic, or of (2 + A)ic and (2 + *)ic, and is the source of I (aa'XjS^jYj'dd'. . . ; 



+^-d%+^u%+- 


d 
■-^Tx' 


(1) 


+^'^di'+^^'d%+-- 


dy 


(2) 
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and that 2" {aa') {^^)tiY is a semi-covariant of a system of 3ic and (3 + k)\c, or 
of (3 + A)ic and (3 + A)ic. 

34. Intermediate forms. If / and /' be quantics of the same degree, 
and if a covariant of the quantic f -\- Xf be formed, the coefficients of the 
successive powers of X in that covariant, are covariants of the system of y and 
f. These coefficients have been called the intermediate covariants of the 
system y,y' ; and in coefficient forms (not symbolic) the operator* 



''d-a + ^dl + 'd-c + 



(1) 



has been used by Boole and others to obtain these forms from the correspond- 
ing covariants of the single quantic y. Let (1) be written in the form 



where 



- , d , -, d 
da^ da^ 



-, d , 
da^ 



(2) 



also let y be written in the form 

y = {a^x + a^Y 



+ 



n\ 

{n — r)\ r\ 



a^-'Y + 



then 



(n — r)\r\^ ^ " ^ 



a,"-^a^. 



d^ ^ 1 (_dr\ ' 

da^ {n — r)\r\ [duij 



da^j 



When these substitutions are made in (2), with a corresponding substitution 
for a'„ the operator (2) becomes 

n\ \ <" [rfS-J + '^^''"^ [d^,] ^W] + • • • + {n-r)\r \ «^ «^ 

{ d y-^^ dy , \ ,„. 



and may be written in the form 



1^ 

n\ 



, d . ^, d } 



da^ 



da.. 



(3) 



• Boole, Gam. Math. Jour. (1841), Vol. Ill, p. 106. Salmon's M. H. Algebra, p. 211. Gor- 
dan's Vorlesungen, Vol. II, p. 60. 
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which may be represented by | a' -,- | . If (8) be applied to the coefficient 

symbol of any covaiinnt, the corresponding intermediate covariants may be 
obtained. Thus to find the intermediate covariants of {altfah in a system of 
two cubics 



a' ^1 {{ahYah) = 2 (ah) (a'b) ah = Ai , 
\a'^]A, = 2ia'hyah = A,, 






2{a'hya'b, 



[''' la] "<(«*)'«*)== 2 (^'^^''^'^^ 



(5) 
(6) 
(7) 



and (afhya'h is the symbolic coefficient form of the intermediate S of two 
cubics (see Table IX, No. 2). A second application of (3) to {ahfah gives 
(a'h'fa'h', which is If of the cubic f. 

An operator of the form i a,' -, — h oh' -r- \ 
^ [ ««! da-ij 

may be denoted by 

f , d ^ C ly d^ ,Q. 



^'-d^^ + ^'W^ 



which 



r ^J r ^J 



applied to the root symbol of any covariant or invariant, produces other root 
symbols which correspond in order, weight, and degree with those of the in- 
termediate forms. 

35. Application of the intermediate root operator. To illustrate the 
action of the operator (8), Art. 34, let it be applied to D of the cubic. 



D = {apy{arn^rr, 

U' ^} J) = 2 V(«'i3) («y3) {arf {^rf ^ -^i . 

A, = 2 v(«'^) («^) M' m' = ^. . 



L ^«J 



y d 



r' |; j A, = 4 v(«'^) (a^) («r') («r) m' . 
[«' ^ [^ I] [r' Ij ^ = ^'^'«'^) («^) («r') («r) (M 



(1) 

(2) 
(3) 
(4) 
(5) 



134 MACKINNON. CONCOMITANT BINARY FORMS IN TERMS OF THE ROOTS. 

which is M of the system of two cubics ; and may also be written, as in Table 
IX, No. 10 : "^ 

Jf=i\a/9)^(«r)(r«')03^')(rr')- 

Similarly, the same operator applied to JIf produces i'(a';9'f (a// (/97-)^ 
which is Noi two cubics ; and applied to iV produces I {d^f {a'f) (af) {^f) {fif), 
which is M' of two cubics. A fourth application of this operator reduces D 
to jy of the quantic /". 



PABT II.— SOME GEOMETRICAL INTERPRETATIONS AND 

APPLICATIONS. 

Chaptee I. 
Geometry of BraABY Forms. 

36. The relation of the 'binary wic to two ternary quantics. A binary wic 
equated to zero is an equation in x/y, whose roots are particular values of this 
ratio. It is evident that the intersection of two curves, represented by ternary 
equations, give points which satisfy the binary equation, obtained by elimi- 
nating one variable {z) between the two ternary equations which represent the 
curves. Thus, we may regard a "binary mc as an expression denoting the n 
points of intersection of two curves of the degrees /i and v, where /iv = w ; the 
simplest and most direct interpretation being that in which fi = n and v = 1. 
This last interpretation, with the line s = as the line v, is directly applicable 
to the ternary and binary nic in their most general forms ; since the binary is 
the ternary form in which z ^0. Invariants and covariants of a binary thus 
interpreted, are invariants and covariants of the system of ternary curve and 
line.* Mr. Burnsidet has used the case v ^ 2, /i .^ ^ n, where the intersec- 
tions of the two curves are the roots of a binary of even degree ; and the case 
V := 2, // = w, where the points of tangency of the curve // with the conic v 
are the roots of a binary of odd degree. To obtain convenient forms for this 
interpretation, the following transformation is used : 

a? = x, 2xy = y, f =-.1 

and the binary quadratic is represented by the intersection of a line with the 

conic ixz — y' ^0 ; and any binary nic denotes n points on this conic. 

37. The relation of the binary nic to k-nvj quantics. The representation 
of the binary nic by the intersection of two ternary loci, is a particular case 
of its representation by the intersections of a system of ^ — 1 loci defined by 
A'-ary equations, in space oi k — 1 dimensions. The case ^ = 4 has been 
developed by Lindemann and others.:}: In this case a binary nic denotes the 

* Salmon's M. H. Algebra, p. 172. 

t Burnside and Panton, Theory of Equations (3d ed.), p. 455. Burnside, Quarterly Journal, 
Vol. X, p. 211. Salmon's M. H. Algebra, pp. 173, 181, etc. 

{ F. Lindemann, Math. Ann., Vol. XXIII. W. E. W. Eoberts, Proc. London Math. Soe., 
Vol. XIII. 
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points of intersection of a system of three surfaces of degrees A, fi, v, where 
Ifiv = n ; and the general binary wic may be represented by the points of in- 
tersection of the general quaternary wic with the planes s = and w = 0. 

Mr. W. K. W. Roberts in a paper on two cubics, employed the transfor- 
mation 

« = (B», y = a?y, l^xf , w = y^ , 

by which the binary cubic is represented by a plane that cuts the twisted cubic 
in three points ; and all binary quantics denote n points on the twisted cubic. 

38. The system of ternary nic and line z = 0. We now return to a more 
detailed consideration of the system of line and curve as the geometrical ex- 
position of the binary ; it is in this view that the root forms of the general 
binary quantic find their most natural and most direct interpretation. The 
coefficients and roots of the binary wic will be regarded as general complex 
numbers ; so that all roots may be conceived to be on the complex plane, the 
axis of real quantities being the line s ^ 0, upon which lie the real roots of 
the «ic. 

39. The roots of the binary quantic. The binary quantic vanishes for 
particular values of the ratio x/y. To obtain a definite geometrical idea of 
this ratio, let us consider the position of points on the complex plane Avith 
reference to two fixed base points A, B. All distances will be regarded as 
vector distances, measured by complex numbers, which may become real or 
purely imaginary. The distance of any point from A will be understood to 
be equal to the vector sum of the distances measured, on the axes of real and 
imaginary quantities, by the complex number that determines the affix of that 
point, the point A being the origin ; and similarly for the distance of any 
point from B. The difference of the distances of the point from A and from 
B is the vector AB ; and the differences of the complex numbers that measure 
these distances, is a real number, and measures the distance AB. 

Let the distance of any point r from A, B,\>e a„ h,., and let 

then 

T = -V' ^r-K = AB, 
and the point r may be taken to represent the root — x^/Vr or the equation 

xyr -\- yx^ = Q . 
Similarly, the equation 

(aryi + x^y) {xy^ + x^y) . . . {xy^ + x„y) = 

is represented by n points on the complex plane. 
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40. The geometrical meaning of x^y, — a.^r- Let AB be the unit of 
measure of vector distance, and let the respective vector-pairs of any two 
points r, s be determined by 

*r Vr' i. y,' 

a,. — hy = a, — i, = AB = 1 ; 
then 

df, SUm, €1/1, U/m 



a,. — h,. Xy + y,. ' a, — b, x., + r/,' 
.•. the measures of the vectors a,., a„ are 

Xy-\-y/ a!. + y, 
and the measure of the vector rs is 

_5r X.yr — «ry. 



a-, + y, iKr + Vr (a'r + Vr) {«; + V.) 

in terms of the unit vector AB. 

The latter fraction, when multiplied by any number, expresses the distance 
rs in terms of a new unit of measure, which equals the original unit divided 
by the multiplier of the fraction. Let the fraction be multiplied by — (x^ -\- y,.) 
(x, + y,) ; then the distance rs is expressed by x,.y, — x.y^ in terms of a new 
unit vector k, when 

^_ -^^ - -f'AB _ ..^^ 

(a^r + y,) (a;. + y.) («,- — K) («, — K) 

If there be a product 

(a!,yj — xiyiY" {x.y^ — asjyi)'" . • . (x,^n — a^nym)'"'" 

each factor is the distance between two points, and all in terms of the same 
unit of measure. 

41. Boot notation. In the preceding sections x^/y,. is replaced by «i/«2, 
«2/y2 by /Si/ySj, x^/y^ by Yi/T2> etc.; and the quantic appears in the form 

{a^x + fijjy) (/9ia; + /3,y) (yiX + r^y) • ■ • 

which is often written in the abbreviated form «/?;- .... 

In the following sections, for the sake of convenience, the quantic is most 
frequently written 

{x — a){x — ^){x — r)... 
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and the numbers a, j3, y, . . . , are represented on the complex plane by vector 
distances measured from a single base point A. 

The root expressions of preceding sections are transferred into this nota- 
tion by substituting « — ^ for a,/92 — Hj/Ji, which is written (a/3) in the Tables ; 
and X — a for a^x + a^, which is written « in the Tables. 

42. Covariants and invariants. It follows from Arts. 2, 3, 40 that co- 
variants and invariants are functions of the distances between points on the 
complex plane, which, when equated to zero, express relations among these 
points, that are unchanged by any linear transformation, and therefore by any 
change of base points. An invariant equated to zero expresses a relation 
among the n points denoted by the quantic. A covariant of degree p is rep- 
resented by its J? root points, that bear certain relations to the n root points 
of the quantic. 

Chapter II. 
Particular Invariants and Covariants with Geometrical Interpretations. 

43. The following interpretations of the root expressions of certain inva- 
riants and covariants are given to illustrate the general geometrical theory 
adopted in the last section ; and also to emphasize the importance of the root 
expressions in furnishing direct solutions and interpretations of well known 
forms. The geometrical problems considered are approached only through 
the root expressions. No attempt is made to investigate the elaborate forms 
of the quintic and sextic, since such an investigation would necessarily involve 
long and intricate algebraic work and add nothing to the general theory and 
methods, which are suflSciBntly illustrated in the forms of the lower quantics. 
Frequent reference is made to a paper by Mr. R. Russell (Proc. London Math. 
Soc, Vol. XIX, p. 56) in which the irreducible invariant and covariant relations 
of quartic roots have been fully developed. 

44. II of the cubic. Equating H to zero 

^a-pf{x-rf + {a-rnx-^f + (,9 - rf {x -af = 0, (1) 

. («-/3)^(a;-rf I 1 I W-ry{x-ar _^ .o^ 

•• ^a-rf{x-^r^^^ {a-rfix-^f-''' ^^) 

i. e. /^ + 1 + (1 — A)2 = , or P — A -I- 1 = , (3) 

where ; (« — /5) (« — t) < a -, fA\ 

^ = \aJy)\^-^) = i«/5^r} • (4) 

Equation (3) is the condition that four points form an equi-anharmonic series. 
The vanishing of II, therefore, expresses the condition that tlie cubic points 



MACKINNON. CONCOMITANT BINARY FORMS IN TERMS OF THE ROOTS. 139 

and either one of the H points form an equi-anharmonic series ; and the cubic 
points are three of the vertices of a pair of equi-anharmonic quadrangles.* 
By solving the quadratic (3), we obtain the two linear factors of H: 

11= [(a + cor + '"^/J) « + (/5r + <^»o-? + '"V)] 

[(a + (oV + 10^) X + (j3r 4- '"V + (oay)] 

where w^ ^ 1. By changing the form of the factors the H equation may be 
written 



ix — a X — (3 X — y ) (x — a x — p x — ^) 



and also 



( 1 _ 1 ^y r_j i_ 1 ? 

\x — a x — }' \x — /3 X — 7"! ) 



!_«— /3 x—r\ 

X — a x—p [a; — ;' x — pj ) 



Therefore, the JT points must satisfy the equations 



X 



1 1 1 , r 1 1 1 A /7^ 

I + "^ I ::. o — z — T. 1 = 0, (7) 



— a X — j-j [_x — /9 X — Yj 

r 1 1 1 , r 1 1 1 n rQ\ 

I 3 I + '" I 1=0. (8) 

l^x — ax — /9j [_x — Y x — pj 

From (7) it is evident the line joining the quasi-inversest of the points a and 
Y is inclined at an angle of 60° {= argument of (o) to the line joining the quasi- 
inverses of the points y and /3, when x (one of the JT points) is the point of 
inversion -yt similarly for the points (a, /?) and (/3, 7-) of equation (8). It is now 
evident that the IT points are points from which the triangle a, /3, ;' inverts into 
an equilateral triangle. 

If a ^ /9 in the cubic ; that is, if Z> ^ 0, which is 

then (1) becomes 

(x - ay {a-rr = Q, (9) 

* For the construction of the equi-anharmonic quadrangle, see Harknegs and Morley, Theory 
of Functions, page 25. 

+ Quasi-inversion is circle inversion from a point, and a reflection about the axis of real quan- 
tities. 

X This Geometrical interpretation of H is due to Mr. B. Russell. See Proe. London Math. 
8oe., Vol. XIX, p. 62. 
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and ^has a square factor, the same square factor that occurs in the cubic* 

If a = /3 = J-, equation (1) is true identically. 

45. The covariant J of the cuhic.\ Equating I{a^Y iM '^f to zero, and 
dividing by (/3 — j-) (j- — «) (« _ ^) (a; _ «) (a, _ ^) (a- _ -f)^ ^e get 






+ j4T-r^, + (i-/) = o, 



... 2A' - 3;== + 3/ + 2 , = (/ + 1) (2/ - 1) (A - 2) , = , 

.•. / = — 1, i, 2 ; and any one of the roots of J is harmonic with the three 
roots of the cubic. | 

46. 8 of the quartic. Equating S, = ^{a^f {y^f, to zero, 

(a - ^y ir - 3y + (/s - rf {3 - of + (« - rf {^-hf = o, (i) 

i. e. {a^r^Y+iar^dy + l^O, (3) 

... ;,2 + (i_;.)2 + i = o, [;.EEEl«/9r^S (4) 

... ;.2 _ / + 1 = . (5) 

Therefore a, /3, y, o are in equi-anharmonic ratio (see Art. 44). 

47. T of the quartic. Equating T, = I{a}f (ydf {ay) (^d), to zero and 
dividing by (a — p){a — y){a — d)(^ — y) (y — d)(d — ^) we obtain 

... (/ + i)(2/-l)(/_2) = 0, 
.-. / = - 1 , i, 2 . 

Hence the vanishing of T is the condition that the four roots may be harmonic. 

48. J of the quartic. Equating J, = I{a^f{ya)y^^o^, to zero, and fac- 
toring, 

{{X -y){x- a) (i3 - d) - {x - /5) (^x - d) {a - r)] 

X \_{x -a){x- ,3) {y -3) +{x — y){x- d) (a - /9)] 

X V{x -^){x- d) {a-y)^{x- a) {x -y){^- d)] = (1) 

* This is a particular case of the following theorem, which is evident from the root-forms : 
If & binary quantic have a square factor, this is a factor of the Hessian. 
+ J' is the evectant of D. See Art. 24. 
X For the construction of the harmonic quadrangle see Harkuess and Morley, p. 24. 
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which may be written 

ad a^ d 1 



x" 2x 1 
ay a -\- y 1 

^d ^+ 8 1 



x" 2x 1 
a^ a-\- ^ 1 
rS r + ^ 1 



= 0. 



(2) 



The vanishing of a factor in (2) expresses that a pair of J points are the double 
points of the involution formed by the corresponding pairs of quartic points, 
the distances «, ^, Xt ^ being measured along an axis. Equation (1) may be 
put into the form 



^_J_ , _i 1 L_] 5_i_ + _i 1 ?_1 

(a; — ;- x — a x — /8 x — oS Xx — a x — /3 x — d x — y) 



\^ 



/9 X — y X — a 



^l 



0, 



(3) 



from which Mr. Eussell deduces geometrically the following proposition : " If 
the roots of a quartic be represented by four points in a plane,* the roots of 
the sextic covariant are those six points (all real*) from which as origin the 
quadrilateral inverts into a parallelogram." 

Mr. Bussell also gives a geometrical interpretation of the IT covariant. 

49. £^qual roots in the quartic. Ita^=^,theiiD:=0,S:=2{a — yy{S — af, 
T=2ir — af {a — df, and a?' — 2^^ = 0. As indicated in Art. 13, the 
names D, S, T, etc., refer to the covariant and invariant root functions, which 
are certain numerical multiples of the corresponding coefficient functions. If 
Dg, Sf), Tq represent the coefficient functions as given by Salmon and others, 
the following relations exist : 

216A = «„"(« - ^y (a - rf (« - Sy (/S - yy {l3 - Sy (y - 3y = a,'D , 

24xS„ = < I {a- ^y {y - dy = a,'S , 

432 r„ = a-^ I (a- ^y (y - Sy (« - r) 0^ - 3) = a^T. 

Substituting for T and 8 their values in terms of T^ and 8^ we have 
8^ — 27 T^ = 0, when « = /9. Since Z>„ also vanishes when a = ^, and is a 
function of the same order and weight as 8^^ — 27 T^^, 



8o' 



27T,' = mI>,. 



* Mr. Bussell represents all the roots of the quartic and of its covariant, on the complex plane. 
His use of the word real probably refers to the actual existence of the covariant points as deter- 
mined by a real construction in this plane. 
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It can be shown by comparison of terms that the numerical multiplier m is 
equal to unity ; and hence that 

From this, or by an independent comparison of the root functions, we have 

^3_2r^ = 642>. 

60. I of the quintic and E of the sextic. The invariant named I, of the 
quintic, by Hermite,* is made up of five sets of three factors each ;* one set 
of which is as follows : 



«2 2a 1 

dt d + s 1 



«== 2a 1 



a^ 2a 1 

,3e /9 + e 1 
yo y -\- o 1 



The vanishing of / is the condition that one root be a double point of the 
involution formed by the other four ; that is, that one root bear the same rela- 
tion to the other four as do the J points of the quartic to the quartic roots 
(see Art. 48). 

E of the sextic equated to zero expresses the condition that the sextic 
points should form an involution, since 

a/9 a + /9 1 
E=n yb y + 8 \ 

tip s -{- (f \ 

51. Polars. — Covariants of the system of n\c and lie. Writing _/(» -\-)-x', 
■y + Ay') in the Joachimstal form 

fix + AX', y + hj) - f(x, y) + / J/ + i! jy + . . . + ^Jrl^, 



'J"-r+/(a^'>2/')>(l) 



where 



, d , , d 
•^ dy 



dx 



The functions ^f(x, y) are called the polars of the point ai'y' with regard to 
the binary nic, f; these polars are eovariants of the system of the ti points of 
f with the point x'y' ; they are the emanantst of the wic f The polars denote 
groups of points related to the wic points and the point x'y'. 

• Oamb. and IhibUn Math. Journ., Vol. IX, p. 186, etc. Salmon, p. 258. 
+ See Art. 23. 
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Lety(a;, y) be the quartic 

{a,x + a^y) {^,x + /9,y) {r,x + r,y) {^iX + d,y) , (2) 

which, for convenience, may be written 

{x — ay) {x — ^y) {x — ry) (a? — 3y) , (3) 

then 

Jf = I («' — ay') (x — /9y) (x — yy) {x — by) , (4) 

= U' — ay')(x- — ^y)(a!' — ryO(a'' — %') ^ /f "M^"! " ry)i^ - ^ , (5) 

w.«...,„.|,.„a-,„,(.-.,<.-«,.-.)(.-^). 

In general, \if{x, y) be an wic, its rth polar is 

^'/(=^>y) = \.{^ - «)(^' - ^){^' - r) • • •] ^' ^r^ . |r^ . ^ ■ . • (7) 

to {n — r) factors . 

Since each polar of a;' with respect to f is the first polar of x' with respect to 
the preceding polar, the theory of first polars includes that of all polars. In 
the binary as in the ternary forms : If A lie on the rth polar of £, then B lies 
on the {n — r)i\\ polar of 4 ; or more accurately, if A be one of the rth polar 
points of B, then B is one of the {n — ?')th polar points of A. 

52. The 1st Mid (n — l)th polars of the n\c. Equating to zero the first 
polar, 

(x' — a' 



I 

\x — a 

I 1 «' — a; 1 



(1) 



J 1 _ -^L^Z::^ = ; (2) 

\^ a — x \ 



.•. the harmonic mean of the n points a, ^, y, . . . , with respect to x as origin, 

* Dr. Bocher (Annals of Math.. Vol. 7, p. 70) remarks that. f'(x) is the 1st polar of /(«) with 
respect to «' = 00 ; and that by fractional linear transformation we pass from this case to that of the 
1st polar with respect to any point P. 
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is the point a;', where x denotes any one of the (n — 1) points of the first polar 
and the quasi-inverse of the point x' with respect to x, is the arithmetica 
mean of the quasi-inverse* of a, /9, ^, . . . , with respect to the same point x 
The equation of the (n — l)th polar may be written 



X, fx — a^ 

[x - a] 



7 1=0; 

X — a J 



a — X X 



and X is the harmonic mean of the n points a, ^, y, . . . , with respect to x' as 
origin ; i. e. the quasi-inverse of x with respect to x', is the arithmetical mean 
of the quasi-inverse of «,/?,..., with respect to x'. 

Chapter III. 
Binary Root Forms in Their Relations to Certain Ternary FoRMs.t 

53. Contravariants and mixed-concomitants have been defined by Salmon 
as invariant functions into which enter variables X, fi, v that, are transformed 
by the inverse transformation. J It is proposed in the present chapter to con- 
sider certain classes of ternary contravariants derived from binary invariants, 
and the mixed-concomitants that are derived directly from binary covariants, 
and also the geometrical interpretations of these and other contravariants and 
mixed-concomitants. A new use will be made of semi-invariants in their root- 
forms ; and from them will be derived certain semi-contravariants, so named 
by analogy. 

54. Binary invariants and contravariants. Let/" (a;, y,z) ^Qhethe equation 

of a curve and kx -(- fiy -f- v3 = 0, of a transversal ; then/" \x,t/, x — " y i=0 

which we shall call <p (x, y) = 0, is the equation of a system of lines from the 
point a; = 0, ?/ = to the intersections of the transversal and curve, or, in 
other words, the equation of a system of points on the transversal. Any given 
invariant relation! among the roots of (p{x, y), expressed as a relation among 
the intersections oif{x, y, z) with the line Ix -\- jiy + vz, is a contravariant of 
f{x, y, z) equated to zero, and is the tangential equation of the envelope of 
the line Ax -{- ny -\- vz = subject to the given invariant relation among its 

* See first note to Art. 44. 

t The writer is indebted to Professor McMahon for suggestions on the subject of this oliapter. 
t See M. H. Algebra, pp. 117, 120, 127, 145. 

§ By "invariant relation " is to be understood an invariant equated to zero; similarly for 
" covariant relation." 
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intersections with f(x, y, z) ^= 0. E. g. the T invariant relation of a quartic 
is 

2x« - ^y ir - df (a - r) (yS - 5) = o (i) 



or 



2 2 2 

12.23.31=0, 



[Cayley's notation.] (2) 



which is the condition for a harmonic relation among the roots of the quartic 
(Art. 47). Expressing these operations, to be performed on the binary quartic 
f («, y), in terms of operations* on the ternary quartic f{x, y, z), we get 



/12./23./31./,A/3 = 0. 



(3) 



The first member of (3) is equivalent to the T invariant of the quartic 
f \x,y, X — - y \ , and may be called the T contra variant of /{x, y, z). 

Moreover (3) is the tangential equation of the curve of the sixth class, which 
is the envelope of a transversal (/, fi, v) divided harmonically by the quartic 
curve. 

From the above it is evident that to any invariant of a binary wic, there 
corresponds a contravariant of the ternary wic, which, when equated to zero, 
represents the envelope of a transversal satisfying the given invariant relation 
among its intersections with the ternary mc. 

55. Mixed concomitants derived from binary covariants. Similarly, to 
every covariant of a binary nic there corresponds a mixed concomitant in 
{x, y, z, X, [1, v), which, when equated to zero, represents a curve whose inter- 
sections on the line (/, /i, v) bear the given covariant relation to the intersec- 

2 

tions of f{x, y, z) = 0, on the same transversal. E. g. to the covariant 12 <p-^(p^ 

of a binary cubic corresponds the mixed concomitant X\^f^^ of a ternary, 
which, when equated to zero, represents a conic whose intersections with 

'/jx -{- [xy -\- vz =^ Q are the points denoted by 12 f^f^ = 0, where the roots of 
^ = give the intersections of the cubic curve /"(a;, y, s) ^ with the same 
line. It A, B, C be these intersections, then either of the intersections P of 
the conic satisfies the relation 

PA"" . BC^ + PB^ . OA' + PC^ . AB' = . 



'U^iV, = 



J_ d_ 
dx, dj/t 



9iV>, = 



d d d 

dx^ dj/i dti 

d d d 

dXf dj/t <fo. 



/./.; 



./12/,/.. 
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It will be observed that this mixed concomitant locus is not fixed, but 
varies with the line {X, fx, v). We may obtain from it an important fixed con- 
comitant of the given curve by finding the condition that )., fi, v must fulfil, in 
order that one root of the binary covariant may move on another given fixed 
curve. This condition is evidently the result of eliminating x, y, z from the 
equations of this fixed curve, the mixed concomitant, and the line (\, [i, v). 

56. Two methods of deriving a new set of envelopes concomitant to a 
given curve. The preceding interpretations of contravariants and mixed con- 
comitants are of use in obtaining a set of envelopes by the following methods. 
The first method is applicable to the derivation of contravariant envelopes 
from those binary co variants in which the order and degree are equal ; the 
second method has a more general application. 

■Example of first method. Let it be required to find the envelope of a 
transversal of a cubic, such that there exists among A, B, C, the three points 
of intersection, the relation 

AB.AC+ BC .BA + CA.CB = (i, 
which corresponds to the semi-invariant 

^(«-/5)(«-r) = o. (1) 

The covariant relation of which (1) is the " source " is 

2{^a-^){a-r){x-^)ix-r)=Q, (2) 

which, when (1) is satisfied, has an infinite root. Substituting § for x in (2), 
it becomes the 8 invariant of a quartic ; i. e. 

2'(«-i3)(«-r)(^-/3)(^-r) = 

in which 3 is infinite. Hence the problem is reduced to the more familiar one 
exemplified above : To find the envelope of a transversal of a quartic curve 
such that the S invariant of the four intersections may vanish ; the " quartic 
curve " being in this case a composite, made up of the given cubic and the line 
at infinity. 

Since the Cayley symbol for aS" of a binary quartic is 12 (p^f2> tl^® symbolic 
equation of the required envelope is 

Tn.ff^o 

where y(a;, y, z) is the product of the given ternary cubic by the linear function 
ax -\- hy -\- cz ; the coeflftcients a, b, c being the lengths of the sides of the 
triangle of reference. 
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58. General statement of first method. The following is a general state- 
ment of the method pursued in the above example. It is required to find the 
envelope of a transversal which moves so as to satisfy a given semi-invariant 
relation among its intersections with the nic curve. If in the covariant of 
which the given invariant is the source, the order and degree be equal, there 
is an invariant relation of a binary (ji + l)ic which is consistent with the given 
semi-invariant relation, if one root of the {n -\- l)ic be infinite. This invariant 
relation of the binary (n -f l)ic may be regarded as an invariant relation of 
the binary nic and the linear x/y ^ oo ; and from it may be derived a corre- 
sponding contravariant relation for the ternary wic curve, and the line at 
infinity ; which is the tangential equation of the required envelope of the 
transversal {X, //, v). 

It will be observed that the covariant relation of the binary mc with one 
root of the covariant infinite, and the invariant relation of the binary {n -{- l)ic 
which has one root infinite, and the contravariant relation of the ternary 
(ji -^ i)ic composed of the given curve and the line at infinity, are all difi'erent 
expressions for the same condition ; it is the last form that can be interpreted 
as the equation of an envelope in {X, fi, v) coordinates. 

59. Nwmier of envelopes of the first m,ethod. It is now evident that fol: 
every covariant of a binary wic in which the order and degree are equal, there 
is a contravariant, which is the envelope of the transversal of a ternary nic 
curve, whose intersections satisfy the semi-invariant relation obtained by 
equating to zero the source of the covariant of the binary nic. The symbol of 
this contravariant is derived from that of the invariant of the binary (n -\- l)ic, 
whose order and weight are fequal respectively to the order and weight of the 
covariant of the wic ; and is obtained by prefixing X to each group of figures 
in the invariant symbol ; and operates upon the product of the ternary wic and 
the line at infinity. For every invariant of an (n -f- l)ic there is a covariant 
of the nic, in which the order and degree are equal, and which is obtained by 
substituting x for one root in the summation symbol of the invariant of the 
(m -|- l)ic ; thus, to the T of the quartic, which is 

2'(«-^r(r-<5)M«-r)(^-^), 

there corresponds a covariant of the cubic, which is 

I(a- ^f {y -xf(a~y){^ -X) . 
Therefore, by the preceding paragraph, to every invariant 

y (a _ y3)«i. ...(«_ v)«i„ (^ _ v)«2n ...(// — V)''mn 

of an wic, there corresponds a function of X, ft, v, which when equated to zero 
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is the envelope of a transversal of an (n — l)ic curve, whose intersections sat- 
isfy the semi-invariant condition obtained by equating to zero the source of 

2" (a — j9)«" . . . (a — x)%i (;9 — a) V ... 0" — xfrnn . 

60. These envelopes are semi-contravariants of the wic. These functions 
which are contravariants of the system of raic and line at infinity, may be called 
semi-contravariants of the nic ; and when equated to zero, each represents a 
curve such that any tangent to it meets the nic curve in points which satisfy 
a particular semi-invariant relation ; while a contravariant curve of an nic 
has tangents whose intersections with the nic satisfy an invariant relation. These 
invariant relations being unchanged by any linear transformation, the contra- 
variant curves of Art. 54 bear relations to the nic curve which are unchanged 
by any linear transformation. Semi-contravariant curves maintain their rela- 
tions to the nic curve only under such transformations as preserve the semi- 
invariant relations of the tangent and the nic to which it is transversal (see 
Art. 42). These semi-invariant relations are preserved only by such trans- 
formations as are equivalent to projection with the centre of projection at 
infinity, or projection with the axis of projection at infinity. 

61. Applications of the first method, (a). To find the envelope of the 
transversal of a quintic curve such that the intersections A, B, C, D, E may 
satisfy the relation SBC^ . DA} = : This corresponds to the semi-invariant 

which is the source of the covariant 

2\^ — yf {3 — af {x — sfz=Q. 

Hence the latter must have an infinite root. Changing x into ^, we obtain the 
invariant of a sextic, 

one of the roots of the sextic being infinite. The symbolical form of this inva- 
riant is 

6 

12 f if jj = , 
which gives rise as before to the ternary contravariant 

H2//, = 0. 

Taking y^ as the product of the given quintic curve and the line at infinity, this 
operation will give the tangential equation of the required envelope. 
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(b). Similftrly a transversal of a septic curve satisfying the relation 
SAB^ .ODK EF^ = has the envelope 

in which y is, as before, a composite octic ; and so in general for any curve of 
odd degree, when the expression EAB^ . CZ^ . . . involves all the points but 
two, in separate pairs. 

(c)» Starting with the invariant of a quartic (12 . 23 . 13)* <p\fj!fi, we know 
that there is a contra variant of a qnartic curve, 

(m.m.mffjj', = o. 

Applying this to the composite quartic made up of a cubic curve and line at 
infinity, and thus deriving a semi-contravariant of the cubic, let us enquire 
what geometrical property this envelope possesses. 

The root-form of the above invariant is found to be 

and the geometrical property of the corresponding contravariant of a quartic 
curve is that its tangents satisfy the relation SAB^ . AC .DC^ . DB ^:^0. 
Letting one of these points D move on the line at infinity, the other three 
must satisfy the relation 

IABKAC=0, 

which is the geometrical property of the above semi-contravariant of a cubic 
curve. 

{d). Similarly, from the invariant (12 . 23 . 31)* f i^j^s of a binary octic is 

derived the semi-contravariant (A12 . /23 . '^^Vf fifif^ of a ternary septic, where 

f is the composite ternary octic. The corresponding semi-invariant relation 

is found to be 

SAB^ . CD^ . EF^ . AC. BD.EG = 0. 

There is a similar semi-contravariant for any ternary (47* — l)ic. 

62. Second method of deriving semi-contravariants of ternaries from 
semi-invariant root forms of binaries. If in the covariant of which the given 
semi-invariant is the source, the order and degree be not equal, there is evi- 
dently no corresponding invariant of the binary (n + l)ic, and therefore no 
corresponding contravariant of the ternary (n -f l)ic. In this case, in order 
to find an envelope, corresponding to the given semi-invariant condition, we 
make use of the mixed concomitant of Art. 55. E. g. let it be required to find 
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the envelope of the transversal of a quartic, that moves so that its intersec- 
tions A,B,C,D satisfy lAB^ = 0, or 

S{a-^f=0. (1) 

The covariant relation 

S{a — ^y (X — rf {X — df = (2) 

must then have a value of x infinite, and the corresponding mixed concomitant 

mAA = o, (3) 

where y is a ternary quartic, must have one intersection with 

AiB + y!/y + V3 = , (4) 

at infinity ; i. e. (3) and (4) must intersect on 

ax -{- hy -^ cz ^0 , (5) 

where a, h, c are the lengths of the sides of the reference triangle. The elimi- 
nant of (3), (4), (5) is obtained by substituting for x, y, z in (3), the expressions 
c(i — hv, av — ck, hX — afi. The result is the condition the transversal {k, (i, v) 
must fulfil, in order that its intersections with the curve fix, y, z) = 0, may 
satisfy the relation (1). 

63. The envelopes of the second method include those of the first method. 
The envelope of a transversal satisfying any given semi -invariant relation can 
be found by the second method ; since to every semi-invariant of an nic, there 
corresponds a covariant of the same nic, and to the covariant a mixed con- 
comitant of the ternary wic. Hence the envelopes whose equations are ob- 
tainable by the second method, include those that may be found by the first 
method. E. g. the envelope of the transversal of a cubic, moving so that its 
intersections satisfy S AB . AC ^ 0, which has been shown in Art. 57 to be 

^12 fif^ = 0, (f ^ a composite ternary quartic.) 
is also by Art. 62, 

2 

X12 ff = , (/^ = tlie ternary cubic.) 

in which x, y, z are to be replaced by 5v — cfi, cX — av, aft — bk. 

It may be of interest to compare the actual working out of these indicated 
operations, for the canonical form of the cubic, viz : 

/^ !X? -{- y^ -\- ^ -{- Qmxyz , 

f'={ax + by + cz)f 

^ asB* -|- ba^y -\- axy' + by* + z (cv? + &am^y + &bm,xi^ + c^) 

-\- z^ (Gcmxy) + s* {ax + by) -j- cz* . 
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Writing f, ly, ^ for 



-n- , -T- , T- , then the operator of the second method is 

^. 7i C. 

f 2 fa C2 



n2i 



in which the coefficient of '/?■ is ()y,C2 — ^y2Cl^^ i- «• ^^i^ • C2' + Ci'' • %* — ^s^iCi • ^^i- 
Operating with this on /^ . f^ and making the subscripts identical gives 



dy^ ' d^ 



[dydz] J- 



The coefficient of 2Xfx is ()?,C2 — Ci^) (Ci^a — fiCa). i- «• JyiCi • f2C2 — ^i^i • C2' 
— Ci^ • '2% + '?2C2 • ^iCi> which, operating on yj . fit gives, when the subscripts 
are made identical, 



^[dy d^_d^f_dy-\ 

\_dydz ' dxdz dxdy ' ~d^ J * 



Hence the equation of the mixed concomitant curve is 

1? {yz — m^a?) -\- i^{zx — m^) -\-v^{xy — mV) 

+ 2X11 {m^xy — mz^ + . . . = . 

The condition that one of its intersections with (X, ji, v) may be on the line at 
infinity is obtained by putting 5v — cji for x, etc.; and the tangential equation 
of the required envelope reduces to 

5cA« + (2ma^ — 5c) (XfJ? + ;iv») + 4 (mV — mab))^t/ 

4. (a^ _ ^rn^hc) /i>v + . . . = , 

On the other hand the operator of the first method is 

X 



X\2\ 



^2 



72 C2 



in which the coefficient of X*^ is {rj^!^^ — VJ^\f> i- ®' ^i* • C2* — ^Vi^i • '?2C2* + 
^^\Z\ • 72'<r2' — • • • . which operating on // . //, gives 

Wd^j J 

= 2 [24 . 245c — 4 . 6 . 65c] = 8645c . 
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The coefficient of )?ix is 4()7,(^, — ^,)yj)' ((^jfj — ^,^2), which gives 

_^v dT dr 3 d\f' dr 1 3 d'f dr ^r d*.f-[ 

\dxdi^ ' dz*^ dxdy^dz ' dyd^ dxdydz^ ' dydz^ dxdz' ' dy'dz J 
= — 8 (6 . 24ac — 3 . 12 . &¥m — 6 . 6ac) = 864 (2m5' — ac) . 

The coefficients of )?[j?, and of )?ijlv, may be similarly obtained, and it will be 
seen that the result agrees with that given above. 

The first method (the last worked out above) has the advantage of giving 
the result directly in terms of X, yt, v, without the substitution for x, y, z ; while 
the second method (the first worked out above) has the greater advantage of a 
simpler differential operator. 

64. Further applications of the second method. (1) A transversal to a 
cubic has the two intercepts equal ; find its envelope. 

Taking AB = BG, then ^ — a = 7- — ^, i. e. 2^ — ;• — a = 0. Similarly, 
if BC = CA, then 27- — a — j3 = ; and if <7iL = AB, then 2a — /9 — 7- = 0. 
In any case the symmetric relation 

(2a_^_;.)(2^-r-a)(2r-a-/3)=0, 
which is semi-invariant, is satisfied. It may also be written 

^'(«-^f(«-r) = o, 

and it is the source of the covariant equation 

2'(« - ^;n« - r) (a; - ^) (« - r)' = , 

of which the Oayley symbol is 

12 . 13 <pi<Pi<Pi = , 
and the corresponding mixed concomitant is 

/12 ^13^1^2^ ^ . [/a ternary cubic. 

The coefficient of A' is (ijiCj — ly^Ci)'' (^iCs — Ci%). i- «• 

which, operating on the canonical form of the cubic, gives 

6 . 6a (3s* + 6mxy) — 6 . 6y (3/ + 6mxz) = 108(s' — y") . 
The coefficient of /'/^ is 
(71C2 - Ci%)' (CA — f iG) + 2 (iy.Cj - Ci%) (Cif 2 — ^iCj) ('i'lCs — G%) , 
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i. e. 

C* . 7/ . f, + iS.Ui • U2 • Cs + 2Ci' . ^2->!z ■ % + 2ei)?iC, . C2' .% + ••• , 

which gives 

108 [(1 + 8m*) a^y + 6mz {f + 2m3)] . 

The coefficient of Xfiv will be found to vanish. 
Hence the mixed concomitant curve is 

X^(z' — f)-[-lJ?{a? — z') + i?{i^ — 3?) f/2ju [(1 + Qm^)a?y + &mz{f + 2majz)] 

— Xfj? [(1 + 8w») ajr' + Qmz {f + 2jwa'a)] + . . . = , 

The semi-contravariant is obtained by putting Cfi — hv for x, etc. 
An interesting special case is when m is infinite, the cubic reducing to 
xyz = 0, and the mixed concomitant to 

X^fjo^y — Xfj?xy* -j- fj^vy'z — fiv^y^ -\- u^Xz^x — v)?zi^ = 
i. e. 

{he — fiy) (jjty — vz) (vz — Xx) = 0; 

and the semi-contravariant breaks up into three second class envelopes afiv -\- 
ivX — %cXii ^ 0, etc., which are evidently touched by the four lines whose co- 
ordinates are (1, 0, 0), (0, 1, 0), (0, 0, 1), (a, I, c), and hence are parabolas 
touching the sides of the given triangle. If the line at infinity be projected 
into the field, the above is the envelope of a line divided harmonically by four 
given lines ; the three conies corresponding to the three ways of pairing the 
four lines. 

(2) To find the envelope of a transversal to a quartic curve, when two 
non-adjacent intercepts are equal. 

The relation {fi -^y — a — S){r -\- a — ^ — 8){a -Ir ^ — y —S) = may be 

written I (a — ^f {a — f) = 0, and is the source of 12 . 13 f ifjfj = 0. Hence, 
as before, the required envelope is the eliminant of the equations 

^12'. il3 /,/,/, = 1 
Xx ■]- [xy ■]- vz = "> (1) 

ax -\- hy -\- cz := , 
As a special case, let the quartic consist of the four concurrent lines 
f = xy{a? — f) = 0, 
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then 

= v^ [(— 36a!/ — 36a;') (i^ — Sar'y) + (SSx'y + 36/) (da^y — /)] 

= — 36 v» (a^ + ^){e* — 6x^f + /) 

= - 36i^ [a;^ + /][« + (v/2 + l)y] [« - (i/2 + 1)^/] [a; + (i/2 - l)y] 

[«'-(T^'2-l)y]. (2) 

When the elimination indicated above is performed, it will be seen that the 
required envelope breaks up into nine points, three of which coincide at the 
origin, and six are on the line at infinity, in the directions given by equating 
to zero the respective factors in (2) ; and transversals parallel to any of these 
six directions have two non-adjacent intercepts equal ; four of these directions 
being real, and two imaginary. 

(3). To find the envelope of a transversal to an wic curve, such that 

Since 2" (a — fif (y — df {a — e) is the source of the covariant 12 . 13 tpitp^ipi, 
the required condition is the eliminant of the equations 

A12.A13//,/3=0, 
Xx + fiy + uz = , 
ax -\- hy -\- cz = . 

65. Semi-contravariants. All the envelopes obtained by the two methods 
of Arts. 57, 62 are called semi-contravariants because they preserve their rela- 
tions to the given nic curve only under such linear transformations as preserve 
the given semi-invariant relation among the segments of a transversal. These 
partial linear transformations have the same effect as a projection that does 
not alter the mutual ratio of the segments of a line. This may be a conical 
projection of a figure from a plane to a parallel plane, or a cylindrical projec- 
tion to any plane whatever. In the former case the axis of projection is at 
infinity, and in the latter the centre of projection is an infinitely distant point. 
In both cases the line at infinity in the first plane projects into the line at in- 
finity in the second plane. 

QQ. Oontravariants of the system, of a curve and line. These semi- 
contravariants of a curve are contravariants of the system of curve and line at 
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infinity ; for if the line aa; + Sy + C2 r= be replaced by the general line 
X'x + //y -\- xfz = 0, the result of the elimination is the condition that a root 
of a certain covariant of the binary qnantic that gives the intersections of the 
transversal and curve, may lie on the line (X, fi, v'). This relation is not altered 
if the whole system be subjected to any linear transformation, or to any con- 
ical projection ; hence the envelope of the transversal is a contravariant curve 
of the system of wic and line (X, //, v'). 

On the other hand if the line {}., /i, v) be fixed, and (/, //, v') variable, the 
contravariant equated to zero gives the condition that the line (X, //, v') may 
pass through some one of the fixed points on {I, u, v) that represent the roots 
of the binary covariant, and must therefore be the tangential equation of this 
system of points. In this point of view the function in question is a contra- 
variant of the system of curve and transversal {k, /i, v). 

It may also be regarded as an invariant of the system composed of the 
curve and two lines. 

From these contravariants new invariants may be derived by replacing 
the coordinates of one or both lines by diflferential operators.* 
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